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Under the onstraints of HQET the equations of motion of heavy meson distribution amplitudes
of denite geometri twist, using the knowledge of their o-one struture, are reformulated as a
set of algebrai equations. Together with equations due to various Dira strutures various rela-
tions between the (sets of) independent two- and three partile distribution amplitudes of denite
geometri twist are derived and presented using both the notion of (double) Mellin moments and
re-summed non-loal distribution amplitudes. Resolving these relations for the independent two-
partile moments in terms of three-partile double moments we onrmed the representation of Φ±|n
by Kawamura et al. (Phys. Lett. B 523 (2001) 111).
I. INTRODUCTION
The intention of the present work is to extend, within the framework of Heavy Quark Eetive Theory
(HQET) [14℄, our understanding on heavy meson wave funtions or, equivalently, light-one (LC) distribu-
tion amplitudes (DA). In a previous work [5℄ we introdued already two- and three partile DAs of denite
geometri twist for pseuosalar heavy mesons and related them to the usual LCDAs (of dynamial twist)
[69℄. In addition, we derived various relations onneting separately the two- and three-partile LCDAs.
Now we like to derive additional relations onneting two- and three-partile DAs mutually. Suh relations,
based on exat operator identities due to the quark equations of motion (EoM) and equalities between
the Dira strutures of the DAs, have been onsidered rst for light meson DAs, see e.g. Refs. [1012℄,
and later on, taking into aount the simpliations due to HQET onstraints, for heavy meson DAs, see
e.g. Refs. [8, 9, 1315℄. These relations, as long as the DAs are not expliitly known o the light-one, have
to be solved as dierential equations for the heavy meson LCDAs. But now, sine from reent work [1618℄
the deomposition of various non-loal QCD tensor operators into operators of geometri twist is expliitly
known also o-one all neessary dierentiations of the DAs an be performed diretly and, therefore, we
need not to solve any dierential equation to get the wanted relations.
To be more spei, the two- and three-partile DAs are related to the vauum-to-meson matrix elements
of generi bi- and triloal operators whih, for the present onsideration, are given by
〈0|q¯(x)U(x, 0)Γhv(0)|B(v)〉 and 〈0|q¯(x)U(x, ϑx)Fµν (ϑx)x
νU(ϑx, 0)Γhv(0)|B(v)〉 , (1.1)
respetively, where hv(x) and q¯(x) are the heavy quark and light antiquark eld, respetively, |B(v)〉 is
the (pseudosalar) B-meson state of (xed) momentum P = Mv, Γ = {1, γα, iσαβ , γ5, γ5γα, iγ5σαβ} is a
generi Dira matrix and U(κ1x, κ2x) = P exp
{
− ig
∫ κ1
κ2
dτxµAµ(τx)
}
is the usual path ordered phase fator
ensuring manifest gauge invariane (g is the strong oupling parameter and 1 ≥ ϑ ≥ 0 some parameter).
Let us remember that in Fok-Shwinger gauge (xA = 0), where the phase fator equals unity, the gauge
potential Aµ(x) is related to the eld strength Fµν aording to Aµ(x) =
∫ 1
0dϑ ϑx
αFαµ(ϑx).
In aordane with the denition of usual meson LCDAs [19℄ but, additionally, respeting HQET on-
straints the B-meson LCDAs arise by parametrizing the o-one matrix elements (1.1), e.g.,
〈0|q¯(x˜) Γhv(0)|B(v)〉 = K
a
Γ(v, x)
∫ 1
0
du ϕa(u) e
−iu (Px˜), (1.2)
〈0|q¯(x˜)Fµν (ϑx˜)x˜
νΓhv(0)|B(v)〉 = K
a
Γµ(v, x)
∫ 1
0
Du Υa(u1, u2) e
−i(u1+ϑu2)(Px˜), (1.3)
∗
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where
∫ 1
0
Du =
∫ 1
0
du1
∫ 1
0
du2 and x˜ = x − v
(
(vx) −
√
(vx)2 − x2v2
)
, x˜2 = 0, denes some light-ray being
related to x by a xed non-null subsidiary four-vetor whih may be identied with the B-meson's veloity.
As indiated, the matrix elements (1.2) and (1.3) are represented by the Fourier transform of the LCDAs
w.r.t. the variable x˜P and additionally parametrized by a kinemati fator K
[s]a
{σ}(v, x˜) depending on the
tensor struture {σ} of the nonloal LC operator. These fators are the basi kinematial strutures (of sale
dimension s w.r.t. x∂) of the matrix elements whih, in priniple, an be read o from their parametrization
w.r.t. leading LCDAs of dynamial twist sine at leading order geometri and dynamial twist oinide by
onstrution. Their expliit form has been introdued in Ref. [5℄. The integration ranges result from the
fat that, in the framework of non-loal LC expansion [20, 21℄, these matrix elements are shown to be entire
analyti funtions in the variable x˜P [22℄ whose support is restrited to [−1, 1]. Additionally, due to the
(anti)symmetry of the relevant QCD operators the integration range an be restrited to 0 ≤ ui ≤ 1, i = 1, 2.
Conventionally, LCDAs are haraterized by its dynamial twist whih, roughly speaking, ounts powers
of M/Q for the various terms in the kinemati deomposition of the matrix elements of non-loal QCD
operators [23℄. Here, instead we use the original, group theoretially founded denition of geometri twist,
τ = (sale) dimension d − (Lorentz) spin j, whih has been introdued for loal QCD operators in Ref. [24℄
and generalized to non-loal tensor operators on the light-one in Refs. [2527℄. The deomposition of the
non-loal tensor operators into operators of denite geometri twist leads to orresponding deompositions
of the LCDAs [16, 28℄.
With the aim of applying the EoM we need the twist deomposition of loal as well as non-loal QCD
tensor operators also o the light-one whih has been studied in Refs. [17, 18℄. The deomposition of non-
loal operators O{σ} with given tensor struture {σ} into an (innite) sum of non-loal tensor operators of
denite twist τ formally reads
O{σ} =
∑
τ
O
(τ)
{σ} with O
(τ)
{σ} = P
(τ){σ′}
{σ} O{σ′} and
∑
τ
P
(τ){σ′}
{σ} = δ
{σ′}
{σ} , (1.4)
with the projetion operators P
(τ){σ′}
{σ} (x,d) expliitly given in Appendix A up to seond order tensors (d is
the o-one generalization of the inner derivative on the light-one).
Considering biloal o-one operators, the orresponding meson DAs of denite geometri twist τ , gener-
ially denoted by ϕ
(τ)
a (u), are introdued aording to Ref. [16℄ (f. also Refs. [26, 29℄)
〈0|O{σ}(x, 0)|B(v)〉 =
∑
τ
P
(τ){σ′}
{σ} (x,d)K
[s]a
{σ′}(v, x)
∫ 1
0
du e−iu(Px)ϕ(τ)a (u). (1.5)
In the expliit omputations, instead of taking the DAs, their (double) Mellin moments will be taken
ϕa|n =
∫ 1
0
du un ϕa(u) , (1.6)
Υa|n,m =
∫ 1
0
Du un−m1 u
m
2 Υa(u1, u2) =⇒ Υa|n(ϑ) =
n∑
m=0
(
n
m
)
ϑm Υa|n,m , (1.7)
respetively. In terms of Mellin moments ϕ
(τ)
a|n the two-partile matrix elements deompose as follows,
〈0|O{σ}(x, 0)|B(v)〉 =
∑
τ
∞∑
n=0
P
(τ) {σ′}
{σ}|n+s(x,d)K
[s]a
{σ′}(v, x)
(−iPx)n
n!
ϕ
(τ)
a|n, (1.8)
where P
(τ){σ′}
{σ}|n+s(x,d) are the orresponding loal o-one projetion operators (Appendix A). In ase of three-
partile matrix elements 〈0|O{σ}(x, ϑx, 0)|B(v)〉 the moments ϕ
(τ)
a|n have to be replaed simply by Υ
(τ)
a|n(ϑ).
Lukily, they are not required o the light-one.
An essential property of the geometri twist deomposition is, that it is uniquely determined by orre-
sponding irreduible tensor representations of the Lorentz group [25, 26℄. Hene this method works for any
type of matrix elements of tensor operators reating a power series in x2 only and is independent, whether
the matrix elements are dened by time-ordered eld produts or otherwise. Any logarithmi dependene of
the matrix elements on x2, either being determined by the light-one expansion of propagators as in [31℄ or,
2
in terms of Q2, through renormalization by using renormalization group equations [21, 22℄ will be impliitly
ontained in the wave funtions resp. DAs ϕa(u) and Υa(u1, u2) as already pointed out in Ref. [32℄.
The paper is organized as follows. In Set. II we review the operator relations resulting from the quark
equations of motion, show the struture of the relevant matrix elements in the trae formalism and introdue
some operator relations resulting from relations between Dira strutures. In Set. III we present the most
general o-one struture of the biloal axial vetor matrix element in terms of independent (geometri) twist
DAs, determine the (single) derivation of the required two-partile o-one DAs, determine the neessary
three-partile DAs of denite geometri twist and relate them to the onventional ones, and write the
independent struture elements in terms of geometri twist DAs. In Set. IV all independent relations
between two- and three-partile Mellin moments are derived. In Set. V the orresponding nonloal relations
between the two- and three-partile DAs are determined. In Se. VI the onnetion with the work of
Kawamura et al. [9℄ is arried out and their result onerning Mellin moments Φ±|n of usual DAs is re-
derived; some remarks onerning the transverse momentum dependene of these DAs are made. In Se. VII
some onlusions will be drawn whih might be of phenomenologial relevane for B-physis. In Appendix
A we review the expliit twist deompositions of relevant (non)loal tensor operators.
II. EQUATIONS OF MOTION AND OPERATOR RELATIONS
The relations we are interested in are obtained by applying the partial derivative ∂µ to the biloal operator
q¯(x)ΓU(x, 0)hv(0) and q¯(x)γµΓU(x, 0)hv(0), respetively, o the light-one. Therefrom, the following well-
known exat operator identities an be derived, f. Ref. [30℄,
∂µ q¯(x)γ
µΓhv(0) = q¯(x)
←
D/Γhv(0) + i
∫ 1
0
dϑ ϑ q¯(x)Fµν (ϑx)x
νγµΓhv(0), (2.1)
vµ∂µ q¯(x)Γhv(0) = −v
µ q¯(x)ΓDµhv(0) + i
∫ 1
0
dϑ (ϑ− 1) q¯(x)Fµν (ϑx)x
νvµΓhv(0) + v
µδTµ {q¯(x)Γhv(0)}, (2.2)
where Dµ = ∂µ − iAµ and δ
T
µ {·} is the `total' derivative dened by
δTµ {q¯(x)Γhv(0)} ≡
∂
∂yµ
q¯(x + y)Γhv(y)
∣∣∣
y=0
. (2.3)
On the one hand, beause of the well-known onstraints of HQET, these equations simplify and, on the
other hand, there exist various relations between them for dierent Γ-strutures. Namely, due to the EoM
for the light (massless) and the heavy quark,
q¯(x)
←
D/ = 0 and (vD)hv = 0 , (2.4)
the rst terms on the RHS of Eqs. (2.1) and (2.2) vanish. Furthermore, using the heavy quark on-shell
onstraint,
v/ hv = hv , (2.5)
and the well-known identities for the γ-matries, espeially
γµγαγβ =
(
gµαgβν − gµβgαν + gαβgµν
)
γν + iǫ
µαβνγ5γν , (2.6)
γαγβ = gαβ − iσαβ , σαβ = (i/2)[γα, γβ ] , (2.7)
the pseudosalar (γ5) and skew tensor (iγ5σαβ) strutures an be related to the axial vetor struture (γ5γα).
Some of these relations have been already derived for the geometri twist LCDAs in our previous work [5℄.
(1) Representation of 2- and 3-partile DAs using the trae formalism
Before proving in general that the knowledge of the axial vetor struture is suient let us show this by
using the denitions of the 2- and 3-partile LCDAs in the trae formalism (see e.g. [6, 8℄ as well as [9℄).
First of all we onsider the three vauum-to-meson matrix elements ontaining the biloal quark-antiquark
operator for Γ = γ5, γ5γα, γ5iσαβ , usually being parametrized by the help of the DAs Φ± = Φ±(vx, x
2),
3
together with their relevant derivatives:
〈0|q¯(x˜)Γhv(0)|B(v)〉 = −
ifBM
2
Tr
{
γ5 Γ
1 + v/
2
(
Φ+ −
x˜/
2(vx˜)
[
Φ+ − Φ−
])}
, (2.8)
(v∂) 〈0|q¯(x)Γhv(0)|B(v)〉
∣∣
x=x˜
=
ifBM
2
Tr
{
γ5 Γ
1 + v/
2
[
x˜/
(vx˜)
∆1 −∆2
]}
, (2.9)
∂µ 〈0|q¯(x)γ
µΓhv(0)|B(v)〉
∣∣
x=x˜
=
ifBM
2
Tr
{
γ5 Γ
1 + v/
2
[
x˜/
(vx˜)
∆3 +∆4
]}
, (2.10)
with
∆1 =
1
2
(
(v∂)−
1
(vx˜)
)[
Φ+ − Φ−
]
, (2.11)
∆2 =
1
2
(
(v∂)−
1
(vx˜)
)[
Φ+ − Φ−
]
+
1
2
(v∂)
[
Φ+ +Φ−
]
, (2.12)
∆3 =
1
2
(
(v∂)−
1
(vx˜)
)[
Φ+ − Φ−
]
+ (vx˜)
∂
∂x2
[
Φ+ +Φ−
]
, (2.13)
∆4 =
∂Φ−
∂(vx˜)
−
1
(vx˜)
[
Φ+ − Φ−
]
, (2.14)
where ∂µ = vµ ∂/∂(vx) + 2xµ ∂/∂x
2
and, therefore, we have (v∂)Φ = ∂ Φ/∂(vx) + 2(vx) ∂ Φ/∂x2.
Computing these traes it is easily seen that for the determination of ∆1 . . .∆4 only the Dira struture
Γ = γ5γα must be onsidered (arguments vx˜ omitted):
(v∂) 〈0|q¯(x)γ5γαhv(0)|B(v)〉
∣∣
x=x˜
= ifBM [x˜α∆1 − vα(vx˜)∆2] /(vx˜), (2.15)
∂µ 〈0|q¯(x)γ
µγ5γαhv(0)|B(v)〉
∣∣
x=x˜
= ifBM [x˜α∆3 + vα(vx˜)∆4] /(vx˜) , (2.16)
Analogously, the vauum-to-meson matrix element ontaining a triloal quark-antiquark-gluon operator
is parametrized in terms of four three-partile LCDAs ΨˆA(vx˜;ϑ), ΨˆV (vx˜;ϑ), XˆA(vx˜;ϑ) and YˆA(vx˜;ϑ) with
ϑ being restrited to 0 ≤ ϑ ≤ 1 as follows [9, 33℄:
〈0|q¯(x˜)Fµν(ϑx˜)x˜
νΓhv(0)|B(v)〉 =
fBM
2
Tr
{
γ5Γ
1 + v/
2
((
vµx˜/− (vx˜)γµ
) [
ΨˆA − ΨˆV
]
(vx˜;ϑ)
− iσµν x˜
νΨˆV (vx˜;ϑ)− x˜µXˆA(vx˜;ϑ) +
x˜µx˜/
(vx˜)
YˆA(vx˜;ϑ)
)}
, (2.17)
〈0|q¯(x˜)vµFµν(ϑx˜)x˜
νΓhv(0)|B(v)〉 =
fBM
2
Tr
{
γ5Γ
1 + v/
2
[
x˜/ Θ1(vx˜;ϑ)− (vx˜)Θ2(vx˜;ϑ)
]}
, (2.18)
〈0|q¯(x˜)γµFµν(ϑx˜)x˜
νΓhv(0)|B(v)〉 =
fBM
2
Tr
{
γ5Γ
1 + v/
2
[
x˜/ Θ3(vx˜;ϑ) + (vx˜)Θ4(vx˜;ϑ)
]}
. (2.19)
Again, omputing these traes for the Dira struture Γ = γ5γα (arguments vx˜ and ϑ omitted) one obtains:
〈0|q¯(x˜)vµFµν(ϑx˜)x˜
νγ5γαhv(0)|B(v)〉 = fBM [x˜αΘ1 − vα(vx˜)Θ2] , (2.20)
〈0|q¯(x˜)γµFµν(ϑx˜)x˜
νγ5γαhv(0)|B(v)〉 = fBM [x˜αΘ3 + vα(vx˜)Θ4] , (2.21)
with
Θ1 =
[
ΨˆA + YˆA
]
(vx˜;ϑ) , (2.22)
Θ2 =
[
ΨˆA + XˆA
]
(vx˜;ϑ) , (2.23)
Θ3 =
[
ΨˆA + 2ΨˆV + XˆA
]
(vx˜;ϑ) , (2.24)
Θ4 = 2
[
ΨˆA − ΨˆV
]
(vx˜;ϑ) . (2.25)
Putting expressions (2.15) and (2.16) and (2.20) and (2.21) into the equations of motion, (2.1) and (2.2),
one arrives at the four dierential equations of Ref. [9℄ onneting the 2-partile and 3-partile DAs. How-
ever, this approah has the drawbak that the x-dependene of the distribution amplitudes, espeially their
4
dependene on x2, is unknown. In Ref. [9℄ this is partially irumvented by ompensating ∂Φ+/∂x
2
through
ombining two of the equations, disregarding another one ontaining also ∂Φ−/∂x
2
and nally solving only
two equations whih are independent of these derivatives. Below, in Set. VI we show that, despite omitting
part of the information, their result onerning the Mellin moments Φ±|n(x
2 = 0) was omplete. There, we
also disuss the attempts [1315℄ to solve the problem of transverse momentum dependene of the B-meson
wave funtion, i.e., to take into aount the x2-dependene of Φ±|n(x
2 6= 0).
(2) General proof of suieny of the axial vetor struture
It is our aim to irumvent these drawbaks by using the deomposition of the appropriately parametrized
2- and 3-partile vauum-to-meson matrix elements into o-one DAs of well-dened geometri twist whose
x-dependene is ompletely known. Introduing orresponding (double) Mellin moments the neessary dier-
entiations an be easily performed. When restriting to the light-one they simply lead to ordinary algebrai
equations for the orresponding LCDAs of (even) twists τ = 2, 4 and 6.
In priniple, it is possible to restrit these onsiderations on the axial vetor struture. At rst, Eq. (2.15)
is suient to determine ∆1 and ∆2. But, looking at Eq. (2.16) one observes that, in order to ompute ∆3
and ∆4, it seems to be neessary to know the twist deomposition of the seond stage tensor operator or,
having in mind relation (2.7), of the pseudo salar and skew tensor operator. However, as will be shown
now, the orresponding matrix elements an be related to that of the axial vetor operator.
Let us now derive the orresponding operator relations in the ase of biloal operators. Using the identities
(2.6) and (2.7) one gets:
q¯(x)γµγ5γαγβhv(0) = gαβ q¯(x)γ
µγ5hv(0)− q¯(x)γ
µγ5iσαβhv(0)
= −
[
gµαgβ
ρ − gµβgα
ρ + gαβg
µρ
]
q¯(x)γ5γρhv(0)− iǫαβ
µρ q¯(x)γρhv(0). (2.26)
Trunating both parts with ∂µ one obtains a relation for Γ = γ5iσαβ :
∂µ q¯(x)γ
µγ5iσαβhv(0) = ∂α q¯(x)γ5γβhv(0)− ∂β q¯(x)γ5γαhv(0) + iǫαβ
ρσ ∂ρ q¯(x)γσhv(0). (2.27)
Multiplying both sides of this equation with vβ leads to a relation for Γ = γ5γα:
∂µ q¯(x)γ
µγ5γαhv(0) =
[
vµg βα − v
βgµα − vαg
µβ
]
∂µ q¯(x)γ5γβhv(0) + iǫ
µρσ
α vρ ∂µ q¯(x)γσhv(0)
= (v∂) q¯(x)γ5γαhv(0)− ∂α q¯(x)γ5hv(0) + vα ∂µ q¯(x)γ
µγ5hv(0) + iǫ
µρσ
α vρ ∂µ q¯(x)γσhv(0) . (2.28)
However, multiplying subsequently with vα does not lead to another independent relation for Γ = γ5.
Conerning the operator expressions on the LHS of Eq. (2.2) we may state also the following relation,
q¯(x)γ5iσαβhv(0) = q¯(x)γ5(vαγβ − vβγα)hv(0)− iǫαβ
ρσ vρ q¯(x)γσhv(0), (2.29)
whih is obtained by multiplying (2.26) with vµ.
When taking vauum-to-meson matrix elements of relations (2.26)  (2.29) the vetor parts aompanying
the ǫ-tensor do not ontribute sine B-mesons are pseudo-salar, 〈0|q¯(x)γσhv(0)|B(v)〉 ≡ 0; therefore we get
∂µ 〈0|q¯(x)γ
µγ5γαhv(0)|B(v)〉 = (v∂) 〈0|q¯(x)γ5γαhv(0)|B(v)〉
− (vα∂µ + vµ∂α) 〈0|q¯(x)γ5γ
µhv(0)|B(v)〉 , (2.30)
∂µ 〈0|q¯(x)γ
µγ5iσαβhv(0)|B(v)〉 = ∂α 〈0|q¯(x)γ5γβhv(0)|B(v)〉 − ∂β 〈0|q¯(x)γ5γαhv(0)|B(v)〉 , (2.31)
(v∂) 〈0|q¯(x)γ5iσαβhv(0)|B(v)〉 = (v∂) 〈0|q¯(x)γ5(vαγβ − vβγα)hv(0)|B(v)〉 , (2.32)
as well as
(v∂) 〈0|q¯(x)γ5hv(0)|B(v)〉 = vα (v∂) 〈0|q¯(x)γ5γ
αhv(0)|B(v)〉 (2.33)
for the salar operator. Obviously, all these relations are valid only under the onstraints of HQET.
From these relations it beomes obvious that all the expressions ∆1, . . . ,∆4 may be derived by the help
of the rst derivative of the axial vetor DA alone, either using Eqs. (2.15) and (2.16) or, eventuelly, using
the struture of the pseudo salar and skew tensor matrix elements. Therefore, only the geometri twist
deomposition of 〈0|q¯(x)γ5γµhv(0)|B(v)〉 has to be onsidered in detail.
Conerning the tri-loal operators and their matrix elements the situation is more diult. At rst,
relations similar to (2.26)  (2.29) also hold for the tri-loal operators q¯(x)Fµν (ϑx)x
νγµΓhv(0) and
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q¯(x)Fµν (ϑx)x
νΓhv(0) on the RHS of Eqs. (2.1) and (2.2), respetively. But now, taking matrix elements,
the ǫ-terms, when multiplied with the vetor part, iǫ ρσαβ 〈0|q¯(x)Fρν (ϑx)x
νγσhv(0)|B(v)〉, will ontribute.
Furthermore, looking at Eq. (2.21) we notie that only the twist deomposition of the axial vetor LCDA
is neessary to determine Θ3 and Θ4. However, the determination of Θ1 and Θ2 is muh more involved.
This beomes obvious onsidering the axial vetor operator q¯(x)Fµν (ϑx)x
νγ5hv(0) whih by using the trae
formula (2.17) diers in their struture from (2.20) but is simply given by fBMx˜α [Θ1 −Θ2]. Therefore, vµ
has to be onsidered as an external parameter being irrelevant for the twist deomposition whih, for dimen-
sional reasons, has to be parametrized by xµ and not by vµ! So, the omputation of Θ1 and Θ2 requires the
determination of the twist deomposition of the seond stage tensor 3-partile LCDA whih an be deom-
posed in an antisymmetri and a symmetri part. Whereas the antisymmetri part is easily parametrized by
v[αx˜β], the parametrization of the symmetri part is troublesome, beause gαβ(vx), vαvβ(vx), vαxβ + xαvβ
as well as xαxβ/(vx) may our. This will be undertaken in the next setion.
III. TWO- AND THREE-PARTICLE DISTRIBUTION AMPLITUDES OF DEFINITE
GEOMETRIC TWIST AND RELEVANT DERIVATIVES ON THE LIGHT-CONE
In this setion we ollet all ingredients of the geometri twist deompositions of relevant tensor operators
whih, due to Eqs. (2.15) and (2.16) and (2.20) and (2.21), are neessary as input in the equations of motion.
This will be done in terms of Mellin moments. By the way, there are three dierent types of matrix elements
we are onerned with, namely
• biloal matrix elements: we only need their o-one twist deompositions up to terms proportional to x2,
sine  after arrying out a single derivative  all the higher order terms vanish when projeted onto the
light-one (x˜2 = 0),
• triloal matrix elements: we only need their on-one twist deomposition whih for the strutures Fµν(ϑx˜)x˜
ν
as well as Fµν(ϑx˜)γ
µx˜ν is known partly from our previous work [5℄, and nally,
• total translation terms whih require a speial treatment.
(1) Derivatives of the two-partile axial vetor distribution amplitudes on the light-one:
Aording to the foregoing onsiderations, espeially taking into aount the relation (2.30), it is only nees-
sary to onsider the axial vetor DA and restrit the derivatives to the light-one. However, there exist two
independent parametrizations by vµ and by xµ/(vx) whih will be onsidered separately.
Let us rst present the the o-one (geometri) twist deomposition of the axial vetor distribution am-
plitude, resulting from Eqs. (A.7, A.8), in terms of Mellin moments aording to the denition (1.8) (with
the onvention
(
j
k
)
≡ 0 if either k > j or k < 0):
〈0|q¯(x)γ5γαhv(0)|B(P )〉/(i fBM) =
∑
τ
∞∑
n=0
P
(τ)α′
α|n
(−iPx)n
n!
(
vα′ϕ
(τ)
A1|n +
xα′
vx
ϕ
(τ)
A2|n
)
=
∞∑
n=0
(−iPx)n
n!
[n2 ]∑
j=0
1
j!
(
−x2
4(vx)2
)j
n!
(n− 2j)!
j+1∑
k=0
(−1)k
(n− j − k)!
(n+ 2− k)!
×
[
vα (n+ 1− j − k)
(
j
k
)
−
xα
2(vx)
(n− 2j)
(
j + 1
k
)]
(n+ 2− 2k)ϕ
(2+2k)
A1|n (3.1)
+
xα
vx
∞∑
n=1
(−iPx)n
n!
[n−12 ]∑
j=0
1
j!
(
−x2
4(vx)2
)j j∑
k=0
(−1)k (n− 1)! (n− 1− j − k)!
(n− 1− 2j)! (n− k)!
(
j
k
)
(n− 2k)ϕ
(4+2k)
A2|n , (3.2)
with ϕ
(2+2j)
A1|n = 0 for n < j , (3.3)
ϕ
(2)
A2|n ≡ 0 and ϕ
(4+2j)
A2|n = 0 for n ≤ j , (3.4)
resulting from the restritions of the j-summation and being ompatible with the k-summation up to j + 1.
Furthermore, it an be shown that, besides the terms vαϕ
(2)
A1|n whih appear for j = 0 at arbitrary n, the
v-parametrized part of the axial vetor DA depends only on the ombinations ϕ
(2+2k)
A1|n − ϕ
(4+2k)
A1|n , whereas,
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besides of the terms ϕ
(4)
A2|n for j = 0, its x-parametrized part depends only on the ombinations ϕ
(4+2k)
A2|n −
ϕ
(6+2k)
A2|n . Furthermore, in both ases, there our no ontributions of odd twist τ = 3 + 2j.
The rst derivative of the axial vetor DA, when restrited to the light-one, reads:
∂β 〈0|q¯(x)γ5γαhv(0)|B(P )〉
∣∣∣
x=x˜
= ifBM
{
∞∑
n=1
(−iP x˜)n
n!
(
vαvβ
(vx˜)
nϕ
(2)
A1|n −
δαβ(vx˜) + (n− 1)(vαx˜β + vβ x˜α)
(vx˜)2
n
2(n+ 1)
[
ϕ
(2)
A1|n − ϕ
(4)
A1|n
])
+
∞∑
n=2
(−iP x˜)n
n!
x˜αx˜β
(vx˜)3
n− 2
4(n+ 1)
[
(n− 1)ϕ
(2)
A1|n − 2nϕ
(4)
A1|n + (n+ 1)ϕ
(6)
A1|n
]
+
∞∑
n=1
(−iP x˜)n
n!
δαβ(vx˜) + (n− 1)x˜αvβ
(vx˜)2
ϕ
(4)
A2|n −
x˜αx˜β
(vx˜)3
∞∑
n=2
(−iP x˜)n
n!
n− 2
2
[
ϕ
(4)
A2|n − ϕ
(6)
A2|n
]}
. (3.5)
Surprisingly, the v-parametrized part, being related to LCDA ϕ
(τ)
A1|n, is symmetri in (αβ), whereas the
x-parametrized part, being related to LCDA ϕ
(τ)
A2|n, ontains also a non-symmetri term.
Now, multiplying by vβ , from Eq. (3.5) we obtain
(v∂) 〈0|q¯(x)γ5γαhv(0)|B(P )〉
∣∣∣
x=x˜
= ifBM
{
vα
2(vx˜)
∞∑
n=1
(−iP x˜)n
n!
(
n
n+ 1
[
(n+ 2)ϕ
(2)
A|n + nϕ
(4)
A|n
]
+ 2ϕ
(4)
A2|n
)
−
x˜α
4(vx˜)2
∞∑
n=2
(−iP x˜)n
n!
(
n− 1
n+ 1
[
(n+ 2)ϕ
(2)
A|n + nϕ
(4)
A|n
]
−
[
nϕ
(4)
A|n + (n− 2)ϕ
(6)
A|n
]
− 2
[
nϕ
(4)
A2|n + (n− 2)ϕ
(6)
A2|n
])}
, (3.6)
and, multiplying by −gαβ, we obtain, analogous to (2.16),
1
ifBM
∂µ〈0|q¯(x)γ
µγ5hv(0)|B(P )〉
∣∣∣
x=x˜
= ∆3 +∆4 = −
1
(vx˜)
∞∑
n=1
(−iP x˜)n
n!
{
nϕ
(4)
A1|n + (n+ 3)ϕ
(4)
A2|n
}
, (3.7)
whereas, using relation (2.31), we nd (in terms of ϕ
(τ)
A2|n only!)
1
ifBM
∂µ〈0|q¯(x)γ
µγ5iσαβhv(0)|B(P )〉
∣∣∣
x=x˜
=
2 v[αx˜β]
(vx˜)
∆3 =
2 v[αx˜β]
(vx˜)2
∞∑
n=2
(−iP x˜)n
n!
(n− 1)ϕ
(4)
A2|n, (3.8)
where, here and in the following, we use the onvention a[αbβ] =
1
2 (aαbβ − aβbα).
Let us now express ∆k, k = 1, . . . , 4 through the moments ϕ
(τ)
Ai|n, i = 1, 2 of the axial vetor DA as they
follow from Eqs. (2.15) and (3.6)  (3.8):
∆1 = −
1
4(vx˜)
∞∑
n=2
(−iP x˜)n
n!
{
n− 1
n+ 1
[
(n+ 2)ϕ
(2)
A1|n + nϕ
(4)
A1|n
]
−
[
nϕ
(4)
A1|n + (n− 2)ϕ
(6)
A1|n
]
− 2
[
nϕ
(4)
A2|n + (n− 2)ϕ
(6)
A2|n
]}
, (3.9)
∆2 = −
1
2(vx˜)
∞∑
n=1
(−iP x˜)n
n!
{
n
n+ 1
[
(n+ 2)ϕ
(2)
A1|n + nϕ
(4)
A1|n
]
+ 2ϕ
(4)
A2|n
}
, (3.10)
∆3 =
1
(vx˜)
∞∑
n=2
(−iP x˜)n
n!
(n− 1)ϕ
(4)
A2|n , (3.11)
∆4 = −
1
(vx˜)
∞∑
n=1
(−iP x˜)n
n!
[
nϕ
(4)
A1|n + 2(n+ 1)ϕ
(4)
A2|n
]
. (3.12)
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(2) The relevant three-partile light-one distribution amplitudes :
After having determined the relevant biloal LCDAs we now proeed to look at the triloal ones ouring in
Eqs. (2.20) and (2.21). Sine in that ase we are dealing with matrix elements on the light-one, we an make
use of the results already obtained in [5℄ but, in addition, we also take into aount those parametrizations
whih have not been onsidered there. Unfortunately, the twist projetion operators do not ommute with
the vetor vµ, Therefore, before multiplying with vµ we have to determine the twist deomposition of the
matrix elements 〈0|q¯(x˜)Fµν (ϑx˜)x˜
νγ5Γhv(0)|B(v)〉. However, due to its struture the matrix element must
vanish when multiplied with xµ. Due to this, we are onfronted with only one type of DAs in the ases of
pseudo salar and axial vetor matrix elements and three types of DAs in the ase of seond stage tensor
matrix element so that we get:
〈0|q¯(x˜)Fµν(ϑx˜)x˜
νγ5hv(0)|B(v)〉/(fBM) =
∑
τ
∞∑
n=0
P
(τ)µ′
µ|n+1
(−iPx)n
n!
(
xµ′ −
vµ′x
2
(vx)
)
Υ
(τ)
P |n(ϑ)
∣∣∣
x=x˜
= x˜µ
∞∑
n=0
(−iP x˜)n
n!
Υ
(5)
P |n(ϑ), (3.13)
〈0|q¯(x˜)Fµν(ϑx˜)x˜
νγαhv(0)|B(v)〉/(fBM) =
∑
τ
∞∑
n=0
P
(τ)[µ′α′]
[µα]|n+1
(−iPx)n
n!
i ǫµ′α′κλ v
κxλΥ
(τ)
V |n(ϑ)
∣∣∣
x=x˜
= i ǫµακλ v
κx˜λ
∞∑
n=0
(−iP x˜)n
n!
Υ
(4)
V |n(ϑ) , (3.14)
〈0|q¯(x˜)Fµν(ϑx˜)x˜
νγ5γαhv(0)|B(v)〉/(fBM) =
∑
τ
∞∑
n=0
{
P
(τ)[µ′α′]
[µα]|n+1
(−iPx)n
n!
v[µ′xα′]Υ
(τ)
T1|n(ϑ)
+ P
(τ)(µ′α′)
(µα)|n+1
(−iPx)n
n!
(
v(µ′xα′)Υ
(τ)
T2|n(ϑ) +
xµ′xα′
(vx)
Υ
(τ)
T3|n(ϑ) +
vµ′vα′x
2
2(vx)
[
Υ
(τ)
T1|n −Υ
(τ)
T2|n
]
(ϑ)
− 1
2
(vx) gµ′α′
[
Υ
(τ)
T1|n(ϑ) + Υ
(τ)
T2|n(ϑ) + 2
x2
(vx)
Υ
(τ)
T3|n(ϑ)
])}∣∣∣∣
x=x˜
=
1
2
∞∑
n=0
(−iP x˜)n
n!
{
(vµx˜α − (vx˜) gµα)
[
Υ
(4)
T1|n +Υ
(4)
T2|n
]
(ϑ)− x˜µvα
[
Υ
(4)
T1|n −Υ
(4)
T2|n
]
(ϑ)
}
+
1
2
∞∑
n=1
(−iP x˜)n
n!
x˜µx˜α
(vx˜)
(
2Υ
(6)
T3|n(ϑ)−
n
n+ 1
[
Υ
(4)
T2|n −Υ
(6)
T2|n
]
(ϑ)
)
. (3.15)
We should remark that, ontrary to the onvention used in [5℄, here, in order to be able to ompare
with the results in [9℄, we are fored to dene the tri-loal matrix elements without the overall fator i,
f. Eqs. (I.3.8)  (I.3.17). (As a onvention formulas from Ref. [5℄ are indiated by writing "I" in front of the
number being ited.) Of ourse, this does not hange any of the results obtained in [5℄ sine there we only
onsidered relations between two- and between three-partile LCDAs separately.
The twist deomposition of the pseudo salar and axial vetor ase have been given to simplify later on some
notations. In the axial vetor ase, instead of Υ
(τ)
A1|n and Υ
(τ)
A2|n, whih have been introdued in [5℄ as related
to vµx˜α and x˜µvα, respetively, we now introdued Υ
(τ)
T1|n = Υ
(τ)
A1|n + Υ
(τ)
A2|n and Υ
(τ)
T2|n = Υ
(τ)
A1|n − Υ
(τ)
A2|n
related to antisymmetri and symmetri kinemati oeients v[µx˜α] and v(µx˜α), respetively, as well as
Υ
(τ)
T3|n related to x˜µx˜α/(vx) beause it seems to be more appropriate to dene the DAs in aordane with
the various strutures of well-dened geometri twist.
Let us remark that all terms in the rst equalities of (3.13) and (3.15) whih ontain x2 an be ignored
beause, also after twist deomposition, they have a ommon fator x2 and, hene, vanish on the light-one.
Conerning the struture of the seond stage tensor (3.15) we should point to the following: An antisym-
metri seond stage tensor ontains, in priniple, 4 dierent twist strutures [18℄, but three of them vanish
identially for the single possible parametrization; on the light-one the remaining one Υ
(4)
T1|n is of twist-4.
On the ontrary, a symmetri seond stage tensor ontains, in priniple, 9 dierent twist strutures [18℄ (for
eah of the various parametrizations!) whereby three, namely two of odd twist and one of even twist, vanish
identially in our ase. Therefore, the various LCDAs Υ
(τ)
Ti|n, i = 1, 2, 3 for the symmetri tensor ase should
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our with an additional subindex. However, due to the neessary vanishing after multipliation with xµ
and after restrition to the light-one that distintion an be removed. As a result we obtain ontributions
of twist-4 and twist-6 whih are the leading terms of two independent innite towers whose additional higher
twist terms appear with nontrivial powers of x2 and hene vanish.
In addition, we remark that in the above list of three-partile LCDAs the skew tensor struture is missing.
The reason is that up to now we are unable to onstrut the twist projetion operator onto a tensor of third
stage having mixed symmetry, i.e. being neither totally symmetri nor totally antisymmetri (f. Ref. [5℄).
However, due to the result of the preeding Setion, we do not need it for the aim of the present paper. It
would only at as a onsisteny hek.
Now, let us multiply with vµ in order to get the twist deomposition of the relevant tri-loal matrix
elements:
〈0|q¯(x˜)vµFµν(ϑx˜)x˜
νγ5hv(0)|B(v)〉/fBM = (vx˜)(Θ1 −Θ2) = (vx˜)
∞∑
n=0
(−iPx)n
n!
Υ
(5)
P |n(ϑ) , (3.16)
〈0|q¯(x˜)vµFµν(ϑx˜)x˜
νγ5γαhv(0)|B(v)〉/fBM =
∞∑
n=0
(−iP x˜)n
n!
(
1
2
x˜α
[
Υ
(4)
T1|n +Υ
(4)
T2|n
]
(ϑ)− vα(vx˜)Υ
(4)
T1|n(ϑ)
)
+ 1
2
x˜α
∞∑
n=1
(−iP x˜)n
n!
(
2Υ
(6)
T3|n(ϑ)−
n
n+ 1
[
Υ
(4)
T2|n −Υ
(6)
T2|n
]
(ϑ)
)
, (3.17)
and, using the results of Ref. [5℄,
〈0|q¯(x˜)Fµν (ϑx˜)γ
µx˜νγ5γαhv(0)|B(v)〉/fBM = vα(vx˜)
∞∑
n=0
(−iP x˜)n
n!
Ω
(3)
A1|n(ϑ)
+ 1
2
x˜α
∞∑
n=1
(−iP x˜)n
n!
(
2Ω
(5)
A2|n(ϑ)−
n
n+ 1
[
Ω
(3)
A1|n − Ω
(5)
A1|n
]
(ϑ)
)
. (3.18)
Let us now express the Θk, k = 1, . . . , 4 through the moments ΥT i, i = 1, 2, 3 and ΩA i, i = 1, 2, of the
axial vetor DA as they follow from Eqs. (2.20) and (2.21)
[
observing Υ
(6)
T3|0 = 0 = Ω
(5)
A2|0
]
:
Θ1 =
1
2
∞∑
n=0
(−iP x˜)n
n!
{[
Υ
(4)
T1|n +Υ
(4)
T2|n
]
(ϑ) +
(
2Υ
(6)
T3|n(ϑ) −
n
n+ 1
[
Υ
(4)
T2|n −Υ
(6)
T2|n
]
(ϑ)
)}
, (3.19)
Θ2 =
∞∑
n=0
(−iP x˜)n
n!
Υ
(4)
T1|n(ϑ) , (3.20)
Θ3 =
1
2
∞∑
n=0
(−iP x˜)n
n!
(
2Ω
(5)
A2|n(ϑ)−
n
n+ 1
[
Ω
(3)
A1|n − Ω
(5)
A1|n
]
(ϑ)
)
, (3.21)
Θ4 =
∞∑
n=0
(−iP x˜)n
n!
Ω
(3)
A1|n(ϑ) . (3.22)
Comparing Eqs. (3.19)  (3.22) with Eqs. (2.22)  (2.25) we nd
ΨA|n =
1
2
(
Υ
(4)
T1|n +Υ
(4)
T2|n
)
for n ≥ 0 , (3.23)
XA|n =
1
2
(
Υ
(4)
T1|n −Υ
(4)
T2|n
)
for n ≥ 0 , (3.24)
YA|n = Υ
(6)
T3|n −
n
2(n+ 1)
(
Υ
(4)
T2|n −Υ
(6)
T2|n
)
for n ≥ 1 , (3.25)
ΨV |n =
1
2
(
Υ
(4)
T1|n +Υ
(4)
T2|n − Ω
(3)
A1|n
)
for n ≥ 0 , (3.26)
where the rst three relations ould be read o also by omparing Eq. (3.15) with Eq. (I.A.21) of Ref. [5℄; the
last relation is obtained by observing Θ4|n = Ω
(3)
A1|n = 2ΨA|n − 2ΨV |n. In [5℄ we also showed ΨV |n ≡ Υ
(4)
V |n
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and YA|n −XA|n = Υ
(5)
P |n. From this, and omparing the various expressions for Θ3|n +Θ4|n we nd
Υ
(6)
T3|n −
n
2(n+ 1)
(
Υ
(4)
T2|n −Υ
(6)
T2|n
)
= 1
2
(
Υ
(4)
T1|n −Υ
(4)
T2|n
)
+Υ
(5)
P |n for n ≥ 1 , (3.27)
Υ
(4)
T1|n +Υ
(4)
T2|n − Ω
(3)
A1|n = 2Υ
(4)
V |n for n ≥ 0 , (3.28)
Ω
(3)
A1|n −
n
2(n+ 1)
(
Ω
(3)
A1|n − Ω
(5)
A1|n
)
+Ω
(5)
A2|n = 2Υ
(4)
T1|n +Υ
(4)
T2|n for n ≥ 1 , (3.29)
whih allows, by using Υ
(4)
V |n and Υ
(5)
P |n, to irumvent the ompliated expression for Θ1|n and Θ3|n, and
also to avoid Ω
(3)
A1|n.
By the foregoing onsiderations we observe that the four independent distribution amplitudes an be
hosen as Υ
(4)
T1|n,Υ
(4)
T2|n,Υ
(5)
P |n and Υ
(4)
V |n. This allows to write the (double) Mellin moments of Θk as follows:
Θ1|n(ϑ) = Υ
(4)
T1|n(ϑ) + Υ
(5)
P |n(ϑ) , (3.30)
Θ2|n(ϑ) = Υ
(4)
T1|n(ϑ) , (3.31)
Θ3|n(ϑ) = Υ
(4)
T1|n(ϑ) + 2Υ
(4)
V |n(ϑ) , (3.32)
Θ4|n(ϑ) = Υ
(4)
T1|n(ϑ) + Υ
(4)
T2|n(ϑ)− 2Υ
(4)
V |n(ϑ) . (3.33)
Let us mention that, aording to the denition (1.7) of the ϑ-moments, by omparing powers in ϑ, the
relations (3.23)  (3.33) hold equally well for the double moments Υ
(τ)
•|n,m itself.
Finally, let us put together all those lower three-partile moments whih vanish due to the foregoing
onsiderations. Aording to the denitions (3.13)  (3.15) as well as relations (3.27)  (3.29) we nd
Υ
(6)
Ti|0 = 0 for i = 2, 3 , (3.34)
Ω
(5)
Ai|0 = 0 for i = 1, 2 , (3.35)
2Υ
(4)
T1|0 +Υ
(4)
T2|0 = Ω
(3)
A1|0, (3.36)
Υ
(4)
T1|0 −Υ
(4)
T2|0 = −2Υ
(5)
P |0 . (3.37)
(3) Remark on the total translation parts :
Finally, there is the last term in (2.2), related to the total translation, to be onsidered. Yet, it is not known
how to deal with these total derivatives by the method of twist deomposition. For that reason we introdue
an eetive mass Λ¯ =M −mb in style of the rst of Refs. [4℄ and simply dene
ivµδTµ {〈0|q¯(x)Γhv(0)|B(P )〉}
∣∣
x=x˜
= Λ¯ 〈0|q¯(x˜)Γhv(0)|B(P )〉 . (3.38)
In the limit of innite heavy quark masses Λ¯ goes to zero. Furthermore, the ontributions of the total deriva-
tive vµδTµ {〈0|q¯(x)Γhv(0)|B(P )〉}
∣∣
x=x˜
may be assumed to be small. Furthermore, this substitution must be
done only for the axial vetor ase, vµδTµ {〈0|q¯(x)γ5γαhv(0)|B(P )〉}
∣∣
x=x˜
→ −iΛ¯ 〈0|q¯(x˜)γ5γαhv(0)|B(P )〉,
whose twist deomposition already has been determined in the preeding Setion.
IV. RELATIONS CONNECTING TWO- AND THREE-PARTICLE MELLIN MOMENTS
Now we are ready to disuss in detail the relations (2.1) and (2.2) for the (only relevant) axial vetor
ase whih onnet the matrix elements (2.16) with (2.21) and (2.15) with (2.20) in ombination with the
orresponding total translation term, respetively. Namely, from Eq. (2.1) with Γ = γ5γα, by applying the
EoM we obtain
∂µ 〈0|q¯(x)γ
µγ5γαhv(0)|B(v)〉
∣∣
x=x˜
= i
∫ 1
0
dϑ ϑ 〈0|q¯(x˜)Fµν (ϑx˜)x˜
νγµγ5γαhv(0)|B(v)〉, (4.1)
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whereas from Eq. (2.2) after applying the EoM and using relation (3.38) we obtain
(v∂) 〈0|q¯(x)γ5γαhv(0)|B(v)〉
∣∣
x=x˜
= i
∫ 1
0
dϑ (ϑ− 1) 〈0|q¯(x˜)Fµν(ϑx˜)x˜
νvµγ5γαhv(0)|B(v)〉
− iΛ¯ 〈0|q¯(x˜)γ5γαhv(0)|B(P )〉 . (4.2)
Below we derive also a relation, onneting both the left hand sites of Eqs. (4.1) and (4.2) without using
the total translation part. This leads to another relation onneting bi- and tri-loal matrix elements.
Due to the appearane of the derivative, the two-partile LCDAs ontain an overall fator 1/(vx˜) whereas
the three-partile LCDAs ontain an overall fator (vx˜) and the total translation terms due to (3.38) do not
have suh an additional fator. Therefore, in order to derive the wanted relations, we have to ompare equal
powers of (vx˜) or, equivalently, powers of (−iP x˜).
(1) To begin with, we onsider relation (4.1) by writing down the vα(vx˜)- and x˜α- terms of relations (2.16)
and (2.21) separately:
vα : M
2
∞∑
n=1
(−iP x˜)n−1
n!
[
nϕ
(4)
A1|n + 2 (n+ 1)ϕ
(4)
A2|n
]
=
∞∑
n=0
(−iP x˜)n+1
n!
∫ 1
0
dϑ ϑΩ
(3)
A1|n(ϑ) ,
x˜α : M
2
∞∑
n=2
(−iP x˜)n−1
n!
(n− 1)ϕ
(4)
A2|n =
∞∑
n=1
(−iP x˜)n+1
n!
∫ 1
0
dϑ ϑ
(
n
2(n+ 1)
[
Ω
(3)
A1|n − Ω
(5)
A1|n
]
− Ω
(5)
A2|n
)
(ϑ),
where the relative fator 1/(vx˜)2 between left and right hand side has been rewritten as −M2/(−iP x˜)2.
Comparing equal powers of (−iP x˜) and using relations (3.28) and (3.29), we nd (remember ϕ
(4)
A i|0 = 0)
M2
[
nϕ
(4)
A1|n + 2(n+ 1)ϕ
(4)
A2|n
]
= n(n− 1)
∫ 1
0
dϑ ϑ
(
Υ
(4)
T1|n−2 +Υ
(4)
T2|n−2 − 2Υ
(4)
V |n−2
)
(ϑ) for n ≥ 1 , (4.3)
−M2(n− 1)ϕ
(4)
A2|n = n(n− 1)
∫ 1
0
dϑ ϑ
(
Υ
(4)
T1|n−2 + 2Υ
(4)
V |n−2
)
(ϑ) for n ≥ 2 . (4.4)
The last equation an be used to replae ϕ
(4)
A2|n in the rst one to get
M2 ϕ
(4)
A1|n =
∫ 1
0
dϑϑ
(
(3n+ 1)Υ
(4)
T1|n−2 + (n− 1)Υ
(4)
T2|n−2 + 2(n+ 3)Υ
(4)
V |n−2
)
(ϑ) for n ≥ 2 . (4.5)
(2) Next, we onsider relation (4.2) by writing down the vα(vx˜)- and x˜α- terms of relations (2.15) and (2.20)
separately:
vα :
M2
2
∞∑
n=1
(−iP x˜)n−1
n!
{
n
n+ 1
[
(n+ 2)ϕ
(2)
A1|n + nϕ
(4)
A1|n
]
+ 2ϕ
(4)
A2|n
}
=
∞∑
n=0
(−iP x˜)n+1
n!
∫ 1
0
dϑ (ϑ− 1)Υ
(4)
T1|n(ϑ) + Λ¯M
∞∑
n=0
(−iP x˜)n
n!
ϕ
(2)
A1|n , (4.6)
x˜α :
M2
2
∞∑
n=2
(−iP x˜)n−1
n!
{
n− 1
n+ 1
[
(n+ 2)ϕ
(2)
A1|n + nϕ
(4)
A1|n
]
−
[
nϕ
(4)
A1|n + (n− 2)ϕ
(6)
A1|n
]
− 2
[
nϕ
(4)
A2|n + (n− 2)ϕ
(6)
A2|n
]}
=
∞∑
n=0
(−iP x˜)n+1
n!
∫ 1
0
dϑ (ϑ− 1)
(
Υ
(4)
T1|n +Υ
(4)
T2|n −
n
n+ 1
[
Υ
(4)
T2|n −Υ
(6)
T2|n
]
+ 2Υ
(6)
T3|n
)
(ϑ)
+ Λ¯M
∞∑
n=1
(−iP x˜)n
n!
(
n
n+ 1
[
ϕ
(2)
A1|n − ϕ
(4)
A1|n
]
− 2ϕ
(4)
A2|n
)
. (4.7)
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Again, omparing equal powers of (−iP x˜) we obtain
M2
2(n+ 1)
[
(n+ 2)ϕ
(2)
A1|n + nϕ
(4)
A1|n
]
+
M2
n
ϕ
(4)
A2|n − Λ¯Mϕ
(2)
A1|n−1 = (n− 1)
∫ 1
0
dϑ (ϑ− 1)Υ
(4)
T1|n−2(ϑ) , (4.8)
M2
2(n+ 1)
[
(n− 1)(n+ 2)ϕ
(2)
A1|n − 2nϕ
(4)
A1|n − (n+ 1)(n− 2)ϕ
(6)
A1|n
]
−M2
[
nϕ
(4)
A2|n + (n− 2)ϕ
(6)
A2|n
]
(4.9)
− Λ¯M
(
(n− 1)
[
ϕ
(2)
A1|n−1 − ϕ
(4)
A1|n−1
]
− 2nϕ
(4)
A2|n−1
)
= 2n(n− 1)
∫ 1
0
dϑ (ϑ− 1)
(
Υ
(4)
T1|n−2 +Υ
(5)
P |n−2
)
(ϑ),
where both relations hold for n ≥ 2, but the rst one may be used also for n = 1.
(3) In addition, we remark that from Eq. (2.1) and relation (2.28) together with the orresponding one for
q¯(x)Fµν (ϑx)x
νγµγ5γαhv(0) = v
β q¯(x)Fµν (ϑx)x
νγµγ5γαγβhv(0) when using the identity (2.6), we get
(v∂) 〈0|q¯(x)γ5γαhv(0)|B(v)〉
∣∣
x=x˜
= vµ ∂α 〈0|q¯(x)γ5γ
µhv(0)|B(v)〉
∣∣
x=x˜
+ i
∫ 1
0
dϑ ϑ 〈0|q¯(x˜)Fµν (ϑx˜)x˜
ν
([
vµg σα − v
σgµα
]
γ5 + iǫ
µρσ
α vρ
)
γσhv(0)|B(v)〉
− vα
(
∂µ 〈0|q¯(x)γ
µγ5hv(0)|B(v)〉 − i
∫ 1
0
dϑ ϑ 〈0|q¯(x)Fµν (ϑx)x
νγµγ5hv(0)|B(v)〉
)∣∣∣
x=x˜
.
But, due to Eq. (2.1) with Γ = γ5 the terms in the last line of that equation anel eah other and, using
the on-shell onstraint (2.5) as well as (4.1), we obtain a relation onneting two- and three-partile DAs
without the total translation part
(v∂) 〈0|q¯(x)γ5γαhv(0)|B(v)〉
∣∣
x=x˜
= ∂µ 〈0|q¯(x)γ
µγ5γαhv(0)|B(v)〉
∣∣
x=x˜
+ ∂α 〈0|q¯(x)γ5hv(0)|B(v)〉
∣∣
x=x˜
− i
∫ 1
0
dϑ ϑ 〈0|q¯(x˜)Fµν(ϑx˜)x˜
ν
(
gµαγ5 − iǫ
µρσ
α vργσ
)
hv(0)|B(v)〉 . (4.10)
The tri-loal terms are given by Eqs. (3.13) and (3.14) whih introdue the DAs Υ
(5)
P |n(ϑ) and Υ
(4)
V |n(ϑ),
respetively, the derivatives of the axial vetor part (on the l.h.s.) and of the tensor part (rst term on the
r.h.s.) are given by (2.16) and (2.15), respetively, whereas the derivative of the pseudosalar part (seond
term on the r.h.s.) an be determined with the help of relation (3.5), eventually using the on-shell ondition,
as follows:
∂α 〈0|q¯(x)γ5hv(0)|B(v)〉
∣∣
x=x˜
= ifBM
{
vα
2(vx˜)
∞∑
n=1
(−iP x˜)n
n!
(
n
n+ 1
[
(n+ 2)ϕ
(2)
A1|n + nϕ
(4)
A1|n
]
+ 2nϕ
(4)
A2|n
)
−
x˜α
4(vx˜)2
∞∑
n=2
(−iP x˜)n
n!
(
n− 1
n+ 1
[
(n+ 2)ϕ
(2)
A1|n + nϕ
(4)
A1|n
]
−
[
nϕ
(4)
A1|n + (n− 2)ϕ
(6)
A1|n
]
+ 2(n− 2)
[
ϕ
(4)
A2|n − ϕ
(6)
A2|n
])}
. (4.11)
Let us observe that, due to the symmetry in (αβ) for the terms ϕ
(τ)
A1|n in (3.5) the last result diers from
(3.6) only in the terms ϕ
(τ)
A2|n.
Now, putting together all these expressions we obtain, after anellation of various terms and already
omitting orresponding sums, the following very simple expressions:
x˜α : 0 =
∫ 1
0
dϑ ϑ
(
Υ
(5)
P |n − 2Υ
(4)
V |n
)
(ϑ) , (4.12)
vα : 0 = M
2
(
nϕ
(4)
A1|n + (n+ 3)ϕ
(4)
A2|n
)
+ 2n(n− 1)
∫ 1
0
dϑ ϑ Υ
(4)
V |n−2(ϑ) . (4.13)
Comparing the last equation with the sum of Eqs. (4.3) and (4.4) we nd another relation between the
triloal DAs, namely
0 =
∫ 1
0
dϑ ϑ
(
2Υ
(4)
T1|n +Υ
(4)
T2|n + 2Υ
(4)
V |n
)
(ϑ) . (4.14)
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Obviously, this expression an be used to replae relation (4.13). Here we should remark that, ontrary to
strong relations (3.23)  (3.26) and (3.27)  (3.29), the relations (4.12) and (4.14) hold for the integrated
DAs only.
At this stage we should remark that no further relation an be derived. One might think that relation
(4.10), together with (4.2), an be used to express the total derivation part as follows:
vµ〈0|δTµ {q¯(x)γ5γαhv(0)}|B(v)〉
∣∣
x=x˜
= ∂µ 〈0|q¯(x)γ
µγ5γαhv(0)|B(v)〉
∣∣
x=x˜
+ ∂α 〈0|q¯(x)γ5hv(0)|B(v)〉
∣∣
x=x˜
− i
∫ 1
0
dϑ ϑ 〈0|q¯(x˜)Fµν (ϑx˜)x˜
ν
(
gµαγ5 − iǫ
µρσ
α vργσ
)
hv(0)|B(v)〉
− i
∫ 1
0
dϑ (ϑ− 1) 〈0|q¯(x˜)Fµν (ϑx˜)x˜
νvµγ5γαhv(0)|B(v)〉 . (4.15)
However, due to relations (4.12) and (4.13) this expression falls bak to the original EoM (4.2). And, on the
other hand, when using Eq. (2.28) together with (4.1) aording to
vµ〈0|δTµ {q¯(x)γ5γαhv(0)}|B(v)〉
∣∣
x=x˜
= ∂α 〈0|q¯(x)γ5hv(0)|B(v)〉
∣∣
x=x˜
+ i
∫ 1
0
dϑ ϑ 〈0|q¯(x˜)Fµν(ϑx˜)x˜
νγµγ5 (γα − vα)hv(0)|B(v)〉
− i
∫ 1
0
dϑ (ϑ− 1) 〈0|q¯(x˜)Fµν(ϑx˜)x˜
νvµγ5γαhv(0)|B(v)〉 , (4.16)
having in mind relation (3.38), we are nally led to Eqs. (4.8) and (4.9).
The main results of this setion are relations (4.3)  (4.5), (4.8) and (4.9), (4.12) and (4.14) onneting the
moments of two- to three-partile DAs of low twist. In addition, equations (3.23)  (3.26), (3.27)  (3.29)
and (4.12) and (4.14) onnet the moments of various three-partile DAs. In the next setion we onvert
these loal results from the (double) Mellin moments into the orresponding ones of their nonloal DAs.
Let us emphasize that all these equations exhibit exat relations between the various ontributions of
geometri twist. Thereby, the leading ontributions of twist τ = 2 our only for two-partile distribution
amplitudes. Higher twist ontributions (τ = 4, 6) our for both two- and three-partile distribution ampli-
tudes. Thus, ontributions of lowest twist are related to the lowest Fok state. These onlusions, of ourse,
depend on the validity of the assumptions made by introduing the eetive mass Λ¯.
V. RELATIONS FOR TWO- AND THREE-PARTICLE DISTRIBUTION AMPLITUDES
In this setion we rst reformulate the restritions of two-partile DAs, espeially the restritions onern-
ing their lower even moments, in terms of the non-loal distribution amplitudes whih an be interpreted as
Burkhardt-Cottingham-like sum rules. Seond, we reformulate the relations (4.3)  (4.5), (4.8) and (4.9),
onneting two- to three-partile LCDAs for low twist in terms of the non-loal light-one distribution am-
plitudes. And, nally, we reformulate the loal relations (3.23)  (3.26), (3.27)  (3.29) and (4.12) and (4.14)
in terms of non-loal three-partile LCDAs.
(1) Burkhardt-Cottingham-like sum rules for distribution amplitudes of lower twists
First of all, let us translate the restritions whih hold for the lowest Mellin moments of the two- and
three-partile distribution amplitudes into their non-loal form.
From restritions (3.3) and (3.4) for the two-partile DAs we immediately onlude the following:∫ 1
0
du un ϕ
(2+2j)
A1 (u) = 0 for 0 ≤ n < j , (5.1)
ϕ
(2)
A2(u) ≡ 0 and
∫ 1
0
du un ϕ
(4+2j)
A2 (u) = 0 for 0 ≤ n < j . (5.2)
Analogously, for the three-partile DAs, aording to Eqs. (3.34)  (3.37), we obtain∫ 1
0
Du Υ
(6)
T2(u1, u2) =
∫ 1
0
Du Υ
(6)
T3(u1, u2) = 0 , (5.3)
13
∫ 1
0
Du Ω
(5)
A1(u1, u2) =
∫ 1
0
Du Ω
(5)
A2(u1, u2) = 0 , (5.4)∫ 1
0
Du
(
2Υ
(4)
T1 +Υ
(4)
T2 − Ω
(3)
A1
)
(u1, u2) = 0 , (5.5)∫ 1
0
Du
(
2Υ
(5)
P +Υ
(4)
T1 −Υ
(4)
T2
)
(u1, u2) = 0 . (5.6)
Remind, that any odd twist DAs ϕ
(1+2j)
Ak (u) and Υ
(1+2j)
Tk (u1, u2) as well as any even twist DAs Ω
(2+2j)
Ak (u1, u2)
vanish. Obviously, these relations are Burkhardt-Cottingham-like sum rules for the axial vetor distribution
amplitudes.
(2) Relations onneting two- and three-partile dispersion amplitudes of low twist
The non-loal version of the relations (4.3)  (4.5), (4.8) and (4.9), (4.12) and (4.13), onneting two- to
three-partile LCDAs, annot be redued to the level of DAs itself but must be given in terms of integrations
over the DAs. The reason is that these relations onnet Mellin and double Mellin transforms. This is not
the ase for the lowest order of relations (4.3), (4.8) and (4.13) onneting only Mellin moments as well as
(3.27), (4.4) and (4.12) onneting only double Mellin moments.
Let us demonstrate the method of derivation on the generi ase
1
(n− r + 1)
ψn =
∫ 1
0
dϑ f(ϑ)Ωn−s(ϑ) for n ≥ s .
Multiplying both sides of that equation by (−iPx)n−s/(n− s)!, using the integral representation
1
n− r + 1
=
∫ 1
0
dλ λn−r for n ≥ r, (5.7)
together with the denition of Mellin (double) moments and summing up, we obtain
∞∑
n=s
(−iPx)n−s
(n− s)!
∫ 1
0
du un
∫ 1
0
dλλn−r ψ(u) =
∫ 1
0
dϑ f(ϑ)
∞∑
n=s
(−iPx)n−s
(n− s)!
∫ 1
0
Du (u1 + ϑu2)
n−sΩ(u1, u2).
Obviously, the summation on both sides results in exponential funtions. The LHS an be rewritten by
hanging uλ = λ′, exhanging λ′- and u-integration and renaming the variables (λ′, u)→ (u,w). Analogously,
the RHS an be rewritten by hanging u2ϑ = ϑ
′
, exhanging ϑ′- and u2-integration and renaming the
variables (ϑ′, u2)→ (u2, w). By this proedure we arrive at∫ 1
0
du e−iuPx us−r
∫ 1
u
dw
w
wr ψ(w) =
∫ 1
0
Du e−i(u1+u2)Px
∫ 1
u2
dw
w
f
(u2
w
)
Ω(u1, w). (5.8)
Let us mention that we need not restrit to the light-one sine the ontent of that formula does not depend
on whether we write x or x˜.
In applying this to Eq. (4.3) we divide it by n(n− 1), observe (n + 1)/[n(n− 1)] = 2/(n− 1) − 1/n and
nally get with s = 2, r = 2 resp. r = 1, and f(ϑ) = ϑ:
M2
∫ 1
0
du e−iuPx
∫ 1
u
dww
[
ϕ
(4)
A1(w) + 2
(
2−
u
w
)
ϕ
(4)
A2(w)
]
=
∫ 1
0
Du e−i(u1+u2)Px
∫ 1
u2
dw
w
u2
w
Ω
(3)
A1(u1, w), (5.9)
and for relation (4.4), taking into aount Eq. (3.29), we obtain
M2
∫ 1
0
du u e−iuPx
∫ 1
u
dwϕ
(4)
A2(w) =
∫ 1
0
Du e−i(u1+u2)Px
∫ 1
u2
dw
w
u2
w
[
2Υ
(4)
T1 +Υ
(4)
T2 − Ω
(3)
A1
]
(u1, w), (5.10)
where Ω
(3)
A1 = Υ
(4)
T1 +Υ
(4)
T2 − 2Υ
(4)
V as given by Eq. (3.28).
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Now, we onsider relation (4.8). For n = 1 it relates only two-partile DAs and is almost trivial,
M
∫ 1
0
du u
([
3ϕ
(2)
A1(u) + ϕ
(4)
A1(u)
]
+ 4ϕ
(4)
A2(u)
)
− 4 Λ¯
∫ 1
0
du ϕ
(2)
A1(u) = 0 , (5.11)
whereas for n ≥ 2 we nd the following non-loal relations,∫ 1
0
du e−iuPx
∫ 1
u
dw
w
{
1
2
M2
[
(w2 − u2)ϕ
(2)
A1(w) + (w
2 + u2)ϕ
(4)
A1(w) + 2w(w − u)ϕ
(4)
A2(w)
]
− Λ¯M wϕ
(2)
A1(w)
}
=
∫ 1
0
Du e−i(u1+u2)Px
∫ 1
u2
dw
w
(u2
w
− 1
)
Υ
(4)
T1(u1, w) . (5.12)
The non-loal version of relation (4.9) reads∫ 1
0
du e−iuPx
∫ 1
u
dw
w
{
1
2
M2
(
u(2w − u)
[
ϕ
(2)
A1(w) − ϕ
(4)
A1(w)
]
− w(w − 2u)
[
ϕ
(4)
A1(w) − ϕ
(6)
A1(w)
]
− 2w(w − 2u)
[
ϕ
(4)
A2(w)− ϕ
(6)
A2(w)
])
− Λ¯M
(
u
[
ϕ
(2)
A1(w) − ϕ
(4)
A1(w)
]
− 2wϕ
(4)
A2(w)
)}
=
∫ 1
0
Du e−i(u1+u2)Px
∫ 1
u2
dw
w
(u2
w
− 1
) [
Υ
(4)
T1(u1, w) + Υ
(5)
P (u1, w)
]
. (5.13)
(3) Relations between three-partile distribution amplitudes of low twist
First, let us onsider relations (4.12) and (4.14). Taking into aount the steps leading to RHS of Eq. (5.8),
they may be non-loally rewritten as
0 =
∫ 1
0
Du e−i(u1+u2)Px
∫ 1
u2
dw
w
u2
w
(
Υ
(5)
P − 2Υ
(4)
V
)
(u1, w) , (5.14)
0 =
∫ 1
0
Du e−i(u1+u2)Px
∫ 1
u2
dw
w
u2
w
(
2Υ
(4)
T1 +Υ
(4)
T2 + 2Υ
(4)
V
)
(u1, w) . (5.15)
Seond, onerning relation (3.28), the simplest of relations (3.27)  (3.29), we get
Ω
(3)
A1(u1, u2) =
(
Υ
(4)
T1 +Υ
(4)
T2 − 2Υ
(4)
V
)
(u1, u2) . (5.16)
Furthermore, the nonloal version of (3.27) may be obtained as follows:
0 =
∞∑
n=0
(−iPx)n
n!
∫ 1
0
Du (u1 + ϑu2)
n
{
2Υ
(5)
P (u1, u2)
+
[
Υ
(4)
T1 −Υ
(4)
T2 − 2Υ
(6)
T3
]
(u1, u2) +
(
1−
∫ 1
0
dλλn
) [
Υ
(4)
T2 −Υ
(6)
T2
]
(u1, u2)
}
=
∫ 1
0
du1
∫ 1
0
du2 e
−i(u1+ϑu2)Px
[
2Υ
(5)
P +Υ
(4)
T1 +Υ
(6)
T2 − 2Υ
(6)
T3
]
(u1, u2)
−
∫ 1
0
dλ
∫ 1
0
du1
∫ 1
0
du2 e
−i(u1+ϑu2)λPx
[
Υ
(4)
T2 −Υ
(6)
T2
]
(u1, u2) , (5.17)
whih, when integrated over ϑ with an arbitrary funtion f(ϑ) as
∫ 1
0
Du e−i(u1+u2)Px
∫ 1
u2
dw
w
f
(u2
w
) {[
Υ
(5)
P +Υ
(4)
T1
]
− 1
2
[
Υ
(4)
T1 −Υ
(6)
T2 + 2Υ
(6)
T3
]}
(u1, w)
= 1
2
∫ 1
0
dλ
∫ 1
0
Du e−i(u1+u2)λPx
∫ 1
u2
dw
w
f
(u2
w
) [
Υ
(4)
T2 − Υ
(6)
T2
]
(u1, w) , (5.18)
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may be used to replae
(
Υ
(5)
P +Υ
(4)
T1
)
(u1, w) in relation (5.13). Furthermore, introduing new variables
0 ≤ u = u1+ u2 ≤ 2 and λ
′ = uλ, then exhanging integrations over u and λ′ and renaming thereafter these
variables as v and u, we may rewrite the r.h.s. of Eq. (5.18) as follows,
1
2
∫ 1
0
Du e−i(u1+u2)Px
∫ 1
u2
dw
w
f
(u2
w
) ∫ 1
u1
dv
v + u2
[
Υ
(4)
T2 −Υ
(6)
T2
]
(v, w) , (5.19)
where the support restrition 0 ≤ v ≤ 1 has been used for the v-integration. Now, sine f(ϑ) is an arbitrary
funtion and the exponentials build up a omplete orthonormal system of funtions we onlude that
0 =
[
2Υ
(5)
P +Υ
(4)
T1 +Υ
(6)
T2 − 2Υ
(6)
T3
]
(u1, u2)−
∫ 1
u1
dv
v + u2
[
Υ
(4)
T2 −Υ
(6)
T2
]
(v, u2) . (5.20)
Analogous to (5.18) the ϑ-integrated relation (3.29) an be reformulated non-loally as follows:∫ 1
0
Du e−i(u1+u2)Px
∫ 1
u2
dw
w
f
(u2
w
) {[
2Υ
(4)
T1 +Υ
(4)
T2 − Ω
(3)
A1
]
+
(
1
2
[
Ω
(3)
A1 − Ω
(5)
A1
]
− Ω
(5)
A2
)}
(u1, w)
= 1
2
∫ 1
0
dλ
∫ 1
0
Du e−i(u1+u2)λPx
∫ 1
u2
dw
w
f
(u2
w
) [
Ω
(3)
A1 − Ω
(5)
A1
]
(u1, w) , (5.21)
leading to the relation
0 =
[
2Υ
(4)
T1 +Υ
(4)
T2 −
1
2
(
Ω
(3)
A1 +Ω
(5)
A1
)
− Ω
(5)
A2
]
(u1, u2)−
1
2
∫ 1
u1
dv
v + u2
[
Ω
(3)
A1 − Ω
(5)
A1
]
(v, u2) . (5.22)
For the speial ase of zeroth double moments, i.e. for n = 0, instead of (5.19) and (5.21) one gets∫ 1
0
Du
[
Υ
(5)
P +
1
2
(
Υ
(4)
T1 −Υ
(4)
T2
)
−Υ
(6)
T3
]
(u1, u2) = 0 , (5.23)∫ 1
0
Du
[
2Υ
(4)
T1 +Υ
(4)
T2 − Ω
(3)
A1 − Ω
(5)
A2
]
(u1, u2) = 0 , (5.24)
whih, of ourse, is onsistent with relations (5.3)  (5.6).
VI. CONNECTION WITH THE WORK OF KAWAMURA ET AL. AND HUANG ET AL.
This setion is devoted to relate the two- and three-partile distribution amplitudes of denite geometri
twist and their Mellin (double) momenta given above to the orresponding ones of Ref. [9, 13℄ and [14, 15℄.
(1) Connetion of the DAs Φ±(vx, x
2) with the DAs ϕ
(τ)
A1|n and ϕ
(τ)
A2|n of geometri twist τ
For our aim it is suient, to onsider the axial vetor part only and to do that up to terms of order O(x2).
Taking into aount the expressions (3.1) and (3.2) and denition (2.8),
〈0|q¯(x)γ5γαhv(0)|B(v)〉 = ifBM
[
xα
2(vx)
[
Φ+ − Φ−
]
− vαΦ+
]
,
we obtain Φ±(vx, x
2), as well as their dierene, up to terms of order x2 as follows:
[Φ+ − Φ−] (vx, x
2) = −
∞∑
n=0
(−iPx)n
n!
{
n
n+ 1
[
ϕ
(2)
A1|n − ϕ
(4)
A1|n
]
− 2ϕ
(4)
A2|n
}
−
x2
4(vx)2
∞∑
n=2
(−iPx)n
n!
(n− 2)
{
n− 1
n+ 1
[
ϕ
(2)
A1|n − ϕ
(4)
A1|n
]
−
[
ϕ
(4)
A1|n − ϕ
(6)
A1|n
]
+ 2
[
ϕ
(4)
A2|n − ϕ
(6)
A2|n
]}
(6.1)
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= −
∫ 1
0
du e−iuPx
{[
ϕ
(2)
A1 − ϕ
(4)
A1
]
(u)−
∫ 1
u
dw
w
[
ϕ
(2)
A1 − ϕ
(4)
A1
]
(w)− 2ϕ
(4)
A2(u)
−
x2M2
4
∫ 1
u
dw (2w − 3u)
u
w
[
ϕ
(2)
A1 − ϕ
(4)
A1
]
(w)
−
x2M2
4
∫ 1
u
dw (w − 2u)
([
ϕ
(4)
A1 − ϕ
(6)
A1
]
(w) − 2
[
ϕ
(4)
A2 − ϕ
(6)
A2
]
(w)
)}
, (6.2)
Φ+(vx, x
2) = −
∞∑
n=0
(−iPx)n
n!
{
ϕ
(2)
A1|n −
x2
(vx)2
n(n− 1)
4(n+ 1)
[
ϕ
(2)
A1|n − ϕ
(4)
A1|n
]}
(6.3)
= −
∫ 1
0
du e−iuPx
{
ϕ
(2)
A1(u) +
x2M2
4
u2
∫ 1
u
dw
w
[
ϕ
(2)
A1 − ϕ
(4)
A1
]
(w)
}
, (6.4)
Φ−(vx, x
2) = −
∞∑
n=0
(−iPx)n
n!
{
1
n+ 1
[
ϕ
(2)
A1|n − ϕ
(4)
A1|n
]
+ ϕ
(4)
A1|n + 2ϕ
(4)
A2|n
}
+
x2
4(vx)2
∞∑
n=2
(−iPx)n
n!
{
2(n− 1)2
(n+ 1)
[
ϕ
(2)
A1|n − ϕ
(4)
A1|n
]
− (n− 2)
([
ϕ
(4)
A1|n − ϕ
(6)
A1|n
]
− 2
[
ϕ
(4)
A2|n − ϕ
(6)
A2|n
])}
(6.5)
= −
∫ 1
0
du e−iuPx
{∫ 1
u
dw
w
[
ϕ
(2)
A1 − ϕ
(4)
A1
]
(w) + ϕ
(4)
A1(u) + 2ϕ
(4)
A2(u)
}
+
x2M2
4
∫ 1
0
du e−iuPx
∫ 1
u
dw
w
(w − 2u)
{
2u
[
ϕ
(2)
A1 − ϕ
(4)
A1
]
(w)
− w
([
ϕ
(4)
A1 − ϕ
(6)
A1
]
(w)− 2
[
ϕ
(4)
A2 − ϕ
(6)
A2
]
(w)
)}
, (6.6)
where the sums go over the Mellin moments of Φ±|n(x
2) and the integrals over the distribution amplitudes
Φ±(u;x
2). Thereby, it is neessary to have in mind that some of the lower moments of ϕA1|n and ϕA2|n
vanish, related to orresponding Burkhardt-Cottingham sum rules.
Let us rst remark that the extra terms ϕ
(4)
A2|n and ϕ
(6)
A2|n ontribute only to Φ−(vx, x
2) thereby indiating
that they are higher twist ontributions as will be natural for the subleading Φ−. Furthermore, it is seen
that by the additional ϕA2|nterms the light-one DAs Φ±(vx˜) are overdetermined. This was the reason to
rejet these terms in our previous work [5℄. Conerning the x2terms we observe that they are given in terms
of dierenes ϕ2j
A1|n − ϕ
2(j+1)
A1|n and ϕ
2j
A2|n − ϕ
2(j+1)
A2|n whih seems to be the ase also for higher orders of x
2
.
Again, these additional terms are overdetermined if the ϕA2|n's are taken into aount, but would remain
underdetermined and thus would lead to a diult interplay between Φ+(vx˜) and Φ−(vx˜) if the ϕA2|n's are
absent. In the following subsetion we demonstrate that these terms neessarily our.
(2) Derivation of Kawamura's et al. result from our deomposition into DAs of denite geometri twist
In Ref. [9℄ the x2-dependene of Φ±|n has not been made expliit and impliitly taken into onsideration
only partly. Therefore, let us take into aount only the x2-independent part of Φ±|n by solving the loal
relations (4.4), (4.3) and (4.8)  when the three-partile DAs are replaed by those of Ref. [9℄  in that order
with respet to the independent variables ϕ
(4)
A2|n, ϕ
(4)
A1|n and ϕ
(2)
A1|n for n ≥ 2 as follows:
M2 ϕ
(4)
A2|n = −n
∫ 1
0
dϑ ϑ
[
ΨA|n−2 +XA|n−2 + 2ΨV |n−2
]
(ϑ) , (6.7)
M2 ϕ
(4)
A1|n = 2
∫ 1
0
dϑ ϑ
{
(n− 1)
[
ΨA|n−2 −ΨV |n−2
]
(ϑ) + (n+ 1)
[
ΨA|n−2 +XA|n−2 + 2ΨV |n−2
]
(ϑ)
}
, (6.8)
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M2 ϕ
(2)
A1|n =
2
n+ 2
{
Λ¯M(n+ 1)ϕ
(2)
A1|n−1 − n(n− 1)
∫ 1
0
dϑ ϑ
[
ΨA|n−2 −ΨV |n−2
]
(ϑ)
− (n+ 1)(n− 1)
∫ 1
0
dϑ
[
ΨA|n−2 +XA|n−2 + 2ϑΨV |n−2
]
(ϑ)
}
. (6.9)
Relation (4.9) ould be resolved with respet to ϕ
(6)
A1|n + 2ϕ
(6)
A2|n using these expressions. But, taking the
ombination (n− 1) (4.8)− n (4.9), we an avoid the use of expression (4.8). The result is (for n ≥ 3):
ϕ
(6)
A1|n + 2ϕ
(6)
A2|n =
2 (n− 1)
M2(n− 2)
∫ 1
0
dϑ (ϑ− 1)
{
(n− 1)
[
ΨA|n−2 +XA|n−2
]
(ϑ) + 2n
[
ΨA|n−2 + YA|n−2
]
(ϑ)
}
−
2 (n− 1)
M2(n− 2)
∫ 1
0
dϑ ϑ
{[
ΨA|n−2 −ΨV |n−2
]
(ϑ) + 2(n− 2)
Λ¯
M
[
ΨA|n−3 −ΨV |n−3
]
(ϑ)
}
−
2
M2(n− 2)
∫ 1
0
dϑ ϑ
[
ΨA|n−2 +XA|n−2 + 2ΨV |n−2
]
(ϑ) . (6.10)
From relation (6.5) we observe, that these twist-6 DAs our in the x2-dependent part of Φ−|n only, but
in the ombination ϕ
(6)
A1|n − 2ϕ
(6)
A2|n. Therefore, a further relation seems to be missing. Possibly they may
appear if the full x2-dependene of all the two- and three-partile DAs is taken into aount.
For n = 2 the three-partile DAs are independent of ϑ and simply given by the double Mellin moments
ΨA|0,0 =
1
3
λ2E , ΨV |0,0 =
1
3
λ2H , XA|0,0 = 0, YA|0,0 = 0, (6.11)
where λ2E and λ
2
H are given by the hromoeletri and hromomagneti elds in the B-meson rest frame [6℄.
Furthermore, aording to (3.4) for n = 0, as well as (4.3) and (4.8) for n = 1 the following holds:
ϕ
(4)
A2|0 = 0, ϕ
(4)
A1|1 + 4ϕ
(4)
A2|1 = 0, 3Mϕ
(2)
A1|1 − 4Λ¯ϕ
(2)
A1|0 = 0. (6.12)
Now, observing the normalization of Φ±|0 = 1 let us determine the lowest moments of Φ±|n from the
expressions (6.3) and (6.5):
Φ+|0 = −ϕ
(2)
A1|0 = 1, Φ−|0 = −ϕ
(2)
A1|0 = 1, (6.13)
Φ+|1 = −ϕ
(2)
A1|1 =
4
3
Λ¯/M, Φ−|1 = −
1
2
ϕ
(2)
A1|1 =
2
3
Λ¯/M, (6.14)
Φ+|2 = −ϕ
(2)
A1|2 = 2Λ¯
2/M2 + 2
3
λ2E +
1
3
λ2H , Φ−|2 = −
1
3
ϕ
(2)
A1|2 −
2
3
ϕ
(4)
A1|2 − 2ϕ
(4)
A2|2 =
2
3
Λ¯2/M2 + 1
3
λ2H . (6.15)
This is in full oinidene with the well-known result of [6℄ as well as Eqs. (33) and (34) of Ref. [9℄.
Let us now onsider the higher moments of Φ±|n. First, Φ+|n has to be determined by solving Eq. (4.8)
iteratively with the result
Φ+|n = −ϕ
(2)
A1|n =
2
n+ 2
{(
Λ¯
M
)n
+
n−2∑
k=0
(
Λ¯
M
)k n−2−k∑
ℓ=0
(
n− 1− k
ℓ+ 1
)
×
[(
(n− k)
2ℓ+ 3
ℓ+ 2
+ 1
)
ΨA|n−2−k,ℓ + (n+ 1− k)XA|n−2−k,ℓ + (n+ 2− k)
ℓ+ 1
ℓ+ 2
ΨV |n−2−k,ℓ
]}
, (6.16)
where we used denition (1.7) and performed the ϑ-integrals. The rst term of that expression, not ontaining
ontributions from the three-partile DAs, by onvention is alled the Wandzura-Wilzek part ΦWW+|n . (The
notion Wandzura-Wilzek part is used quite dierently in the Literature. Originally [34℄ it was introdued
to denote that ontribution to the twist-3 struture funtion g2 whih appeared as geometri ombination
gWW2 (x) = −g1(x)+
∫ 1
x
dy g1(y)/y of the twist-2 struture funtion g1, like the ombination ϕ
(2)
A1(u)−ϕ
(4)
A1(u) in
Eq. (6.2) appears when ignoring 2ϕ
(4)
A2(u); for a more detailed disussion of distinguishing between geometri
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and dynami WW ontributions, see e.g. Refs. [28, 29, 35℄). Remark also that there appears no term(
Λ¯/M
)n−1
beause the three-partile DAs start with n = 2.
Next, we express Φ−|n by Φ+|n plus an extra term as follows
Φ−|n −
1
n+ 1
Φ+|n = −
[
n
n+ 1
ϕ
(4)
A1|n + 2ϕ
(4)
A2|n
]
= −
2n
n+ 1
n−2∑
ℓ=0
(
n− 1
ℓ+ 1
)
ℓ+ 1
ℓ+ 2
[ΨA −ΨV ]n−2,ℓ . (6.17)
Up to a trivial hange of indexes expressions (6.16) and (6.17) oinide with the nal result of Kawamura et
al. given by formulas (28)  (31) of Ref. [9℄.
From this result we observe that
• despite not exhausting all informations ontained in the EoM the result of Ref. [9℄ is omplete as far as
the DAs Φ±|n on the light-one are onerned,
• from the point of view of geometri twist Φ+|n really is of minimal twist τ = 2, but Φ−|n ontains also a
(smaller) part of minimal twist τ = 2 together with two dierent parts of higher twist τ = 4,
• the above derivation of Eqs. (6.16) and (6.17) shows the neessity of maintaining the ontributions ϕ
(τ)
A2|n
sine otherwise these expressions would read quite dierent in ontradistintion to Ref. [9℄ and, furthermore,
due to Eq. (4.4) we were led to
∫ 1
0
dϑ ϑ
[
ΨA|n−2 +XA|n−2 + 2ΨV |n−2
]
(ϑ) = 0 whih together with (4.12) and
(4.14) had strange onsequenes.
(3) Some aspets onerning the x2-dependene of Φ±(vx, x
2) resp. transverse momentum dependene of
their Mellin moments
Looking at (6.3) and (6.5) we nd that Φ±(vx, x
2) for n ≥ 2 ontain x2-dependent terms whih are related
to the dierenes ϕ
(2)
A1|n − ϕ
(4)
A1|n and ϕ
(4)
Ai|n − ϕ
(6)
Ai|n, i = 1, 2 of DAs of onseutive twists. Of ourse, these
x2-dependent terms for the Mellin moments lead to ontributions of transverse momenta ~k⊥.
In Refs. [13, 14℄ omitting the ontribution of 3-partile DAs, i.e. in Wandzura-Wilzek-Approximation,
the orresponding x2-dependent equations for the Fourier transform with respet to the longitudinal sepa-
ration t = vx (for onveniene, we hange to the variable ω = M u),
ΦWW± (ω, x
2) =
∫
dt
2π
e iω tΦWW± (t, x
2) , (6.18)
has been exatly solved whereby they found that both funtions have a ommon x2-dependene:
ΦWW± (ω, x
2) = φWW± (ω)χ
(
x2 ω(2Λ¯− ω)
)
, (6.19)
where φWW± (ω) =
Λ¯± (ω − Λ¯)
2Λ¯2
θ(ω)θ(2Λ¯− ω), (6.20)
and χ
(
x2 ω(2Λ¯− ω)
)
= J0
(
|x⊥|
√
ω(2Λ¯− ω)
)
with x2 = −x2⊥ . (6.21)
In priniple, we would be in a position to onrm that result sine we know from expressions (3.1) and (3.2)
the full x2-dependene of ΦWW± (t, x
2) but had to perform the Fourier transformation whih is by no means
simple. However, sine the solution (6.19)  (6.21) is an exat one we stop here.
In Ref. [15℄ the full problem has been takled by assuming a ommon transverse momentum dependene
also for eah of the (Fourier transformed) 3-partile DAs. Despite being plausible that assumption has to be
veried. In priniple, the x2-dependene of the three-partile DAs an be determined in the same manner
as we did it for the two-partile DAs by using the projetions onto operators of denite geometri twist as
given in the Appendix. This remains an open problem whih must be postponed to another paper.
In addition, some simplifying relations between the 3-partile DAs are introdued. And nally, a speial
model for the dierene ΨA(u1, u2)−ΨV (u1, u2) is required whih, together with the other two requirements
leads to the restrition YA(u1, u2) = −ΨA(u1, u2) = XA(u1, u2) and, from the view of the present work,
seems to be very stringent.
VII. SUMMARY AND CONCLUDING REMARKS
With the aim of extending our previous work [5℄ we used our knowledge about the expliit o-one
struture of QCD tensor operators of denite geometri twist (up to tensors of seond stage) for rewriting
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the (relevant) EoM  onneting the heavy mesons two- and three-partile DAs on the light-one  into a
set of algebrai equations for the (double) Mellin moments orresponding to these amplitudes. Thereby we
have taken into aount the heavy quark on-shell onstraint and the well-known relations between Dira's
γ-matries in order to show that, in priniple, it is suient to restrit to the axial vetor struture Γ = γ5γα.
First, we found that two types of two-partile distribution amplitudes, ϕ
(τ)
A1 [for τ = 2, 4, 6℄ and ϕ
(τ)
A2 [for
τ = 4, 6℄, and ve types of three-partile distribution amplitudes, Υ
(4)
T1 ,Υ
(τ)
T2 [for τ = 4, 6℄ and Υ
(6)
T3 as well as
Ω
(τ)
A1 [for τ = 3, 5℄ and Ω
(5)
A2 our; higher twists would appear if the EoM were onsidered o the light-one.
In omparison with our previous work we introdued two additional types of DAs. These sets of independent
two- and three-partile DAs of denite twist are muh larger than the ommonly used sets of DAs onsisting
of Φ± as well as ΨV ,ΨA, XA and YA, respetively. In Set. III by omparing the representation of the various
matrix elements in terms of the orresponding DAs we derived the relations between onventional DAs and
and those of denite geometri twist, Eqs. (3.23)  (3.26), together with three relations, Eqs. (3.27)  (3.29),
onneting part of the DAs of denite geometri twist  some of them as speial ombinations  with two
further sets, Υ
(4)
V and Υ
(5)
P . Thereby, we were able to selet four appropriate ombinations of three-partile
DAs of denite twist, Eqs. (3.30)  (3.33), whih an be used to simplify the representation of the four EoM
under study. In Set. VI the onventional two-partile DAs Φ± are represented (up to rst order in x
2
)
by the above mentioned DAs ϕ
(τ)
Ai , i = 1, 2, Eqs. (6.3)  (6.6), showing that already on the light-one the
onventional ones ontain three independent DAs of denite twist.
Next, in Set. IV, we presented four sets of algebrai equations, Eqs. (4.3) and (4.4) as well as (4.8) and
(4.9), onneting some ombinations of the two-partile Mellin moments of denite twist, ϕ
(τ)
Ai|n, i = 1, 2, with
the ϑ-integrated ombinations (3.30)  (3.33) of (ϑ-dependent sums of) three-partile double Mellin moments
of denite twist. In addition, two independent ϑ-integrated relations, Eqs. (4.12) and (4.14), between the
(double) Mellin moments are derived by ombining the two kinds of EoM, Eqs. (4.1) and (4.2), with the
relation (2.28) whih was due to the Chisholm identity. In Set. V these relations are reformulated non-
loally as relations (5.9)  (5.15) between the two- and three-partile DAs. Furthermore, the relations (3.27)
 (3.29) are reformulated non-loally in relations (5.16), (5.20) and (5.22). Also in Set. V we presented the
vanishing of lower (double) Mellin momenta, Eqs. (3.3) and (3.4) as well as (3.34)  (3.37), by orresponding
Burkhardt-Cottingham-like sum rules Eqs. (5.1) and (5.2) as well as (5.3)  (5.6). Obviously, the results of
Sets. IV and V are the main results of this paper.
Finally, in Set. VI, by resolving Eqs. (4.3), (4.4), (4.8) and (4.9) with respet to the independent two-
partile Mellin moments ϕ
(4)
A2|n, ϕ
(4)
A1|n, ϕ
(2)
A1|n and ϕ
(6)
A1|n + 2ϕ
(6)
A2|n, Eqs. (6.7)  (6.10), we were able, as a
onsistene hek, to re-derive the result of Kawamura et al. [9℄ for the Mellin moments Φ±|n, given here
by Eqs. (6.16) and (6.17). In priniple, the relations (6.7)  (6.10) an be used to express Φ±|n(x
2) at least
(partially) up to order x2 by the three-partile double Mellin moments  if not a further relation were
missing whih would allow to separate ϕ
(6)
A1|n and ϕ
(6)
A2|n. To our opinion this requires the onsideration of
the x2-dependene in next order of all the partiipating two- and three-partile DAs of denite twist whih,
however, was not the aim of the present paper. For that reason we also were not able to further omment on
the transverse momentum dependene of the two-partile DAs and their relation to the three-partile DAs.
Despite being mathematially more omplex, the group theoretially motivated use of the notion of ge-
ometri twist allows for a very lear distintion between the ontributions of dierent twist to the various
matrix elements of physially relevant QCD operators and the orresponding DAs. Based on the quantum
eld theoretial framework, see Refs. [21, 22℄, it allows also for a dierent look at the onventionally in-
trodued DAs, e.g., onerning the support of the various DAs or the appearane of new sum rules. Our
study also showed that the twist struture of Φ−|n is more ompliated than usually assumed and requires an
additional DA of twist-4; in addition, the usual three-partile DAs are shown to be appropriate ombinations
of three-partile DAs of denite geometri twist, thereby YA|n and ΨA|n appear as ompliated ombinations
of three dierent DAs eah, ompare expressions (2.22)  (2.25) with (3.19)  (3.22), f. also relations (3.23)
 (3.29). These results bring some light onto the reently raised question [36℄ if the three-partile matrix
element (2.17) requires the introdution of additional DAs.
Furthermore, from the point of view of the present paper, it seems to be possible to solve in that manner
the problem of determining the transverse momentum dependene of the heavy mesons wave funtions.
Of ourse, onerning the two-partile DAs this requires the onsequent use of Eqs. (3.1) and (3.2) and,
additionally, to nd the (innite) o-one deomposition of Eqs. (3.13)  (3.15) and (3.16)  (3.18); the latter
beomes somewhat more diult beause of the appearane of additional independent twist strutures.
20
Aknowledgement
The authors are very muh indebted to Jörg Eilers for informing them about his results on the o-one
twist deomposition of QCD tensor operators up to seond stage before preliminary publiation (arXiv:
hep-th/0608173) as well as many disussions on that and related matter. OW aknowledges support by the
DFG within the SFB/TR 9 Computational Partile Physis.
APPENDIX A: OFF-CONE TENSOR OPERATORS OF DEFINITE GEOMETRIC TWIST
Atually, we are interested in obtaining the twist deomposition of biloal as well as of triloal operators.
As mentioned, only the tensorial struture of the operator is ruial for alulation and not whether it is
reated biloally or triloally. Hene, we deal with triloal operators as if they were biloal, but have to take
are of the third eld when writing the results.
We denote the generi nonloal o-one (pseudo) salar, (axial) vetor and seond rank tensor operators
as follows:
N(κ1x, κ2x), Oα(κ1x, κ2x), Mαβ(κ1x, κ2x),
where a possible pseudo struture is not labeled. The tensor operator of seond rank splits up in an
antisymmetri part M[αβ](κ1x, κ2x) and a symmetri part M(αβ)(κ1x, κ2x) from whih also the trae
M(κ1x, κ2x) = Mα
α(κ1x, κ2x) ould be taken. The orresponding light-one operators are obtained by
replaing x→ x˜ and applying the onstraint x˜2 = 0.
In priniple, we an perform the twist deomposition equivalently in the nonloal representation as well
as in the loal representation. Here, we hoose the loal one. The relations between the nonloal and the
loal operators are given by the Taylor expansion aording to (restriting to κ1 = κ; κ2 = 0):
N(κx, 0) =
∞∑
n=0
κn
n!
Nn(x), Oα(κx, 0) =
∞∑
n=0
κn
n!
Oα|n(x), Mαβ(κx, 0) =
∞∑
n=0
κn
n!
Mαβ|n(x). (A.1)
For the sake of a ompat notation and also in order to make obvious the relation between the on-one
and o-one version, we introdue the `interior' dierential operator whih on the light-one is given by [37℄:
d˜αf(x˜) =
{
(1 + x∂)∂α −
1
2xα✷
}
f(x)
∣∣
x=x˜
. (A.2)
Its harmoni o-one extension d and the omplementary o-one x-operator are given as follows:
dα = (1 + x∂)∂α −
1
2xα✷, xα = xα(1 + x∂)−
1
2x
2∂α. (A.3)
The operators dα, xα, X = 1 + x∂ and Xαβ = xβ∂α − xα∂β span the onformal algebra so(4, 2) as do the
orresponding `interior' operators on the light-one, f. Refs. [37℄,[18℄. Espeially, the o-one operators obey
also the following relations
(X − 1)d[αxβ] = − (X + 1)x[αdβ] , d(αxβ) = x(αdβ) +Xgαβ , (A.4)
O the light-one, the deomposition of a tensor operator of nite rank r with respet to the irreduible
representations of the orthohronous Lorentz group is given by a nite series of traeless tensors having a
well-dened symmetry type, f., e.g. [38℄. In our ase, the possible symmetry types are restrited by the fat
that any generi loal operator OΓ|n(x) resulting from a Taylor expansion is a homogeneous polynomial of
order n and ompletely symmetri w.r.t. the n indies whih are trunated by the vetors x. However, this
also allows the appliation of the polynomial tehnique [37℄. Consequently, these polynomials will vanish if
more than n derivatives at on it. Therefore, the projetors exhibit an intrinsi termination whih avoids
the ourrene of undened frations or fatorials (see below) [17℄.
The twist deomposition of the relevant loal tensor operators is given by Eqs. (A.6)  (A.10) below.
Thereby, the various ontributions of twist τ = (anonial) dimension − (Lorentz) spin are labeled by τ0
plus the higher order ontribution due to the deomposition with respet to the irreduible representations of
SO(3, 1). Thereby, τ0 is dened as the twist orresponding to the (titious) entirely symmetrized operator;
in ases, where the operator an exhibit entire symmetry, τ0 also denotes the minimal twist of that operator
and in ases, where entire symmetry is not allowed for that operator, as for the antisymmetri tensor of
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seond rank, we use τ0 as a ounter only, f. [17℄. The ontributions resulting from subtrations of traes
are numbered by j whih ount powers of x2 (aompanied by powers of ✷) in the projetor.
All o-one projetion operators inlude the following projetors Hn onto traeless homogeneous polyno-
mials of degree n [38℄,
Hn(x
2;✷) =
[n
2
]∑
k=0
(−1)k(n− k)!
4k k!n!
(x2)k✷k , (A.5)
whih are suient for the formulation of the o-one twist deomposition of salar operators. For the vetor
and tensor ase they ontain, in addition, also spei tensor operators whih are related to the symmetry
type of the dierent twist ontributions. The salar projetion operator has ontributions related to even
spin only whereas vetor and skew-tensor projetion operators exhibit even and odd ontributions:
N (τ0+2j)n (x) =
(n+ 1− 2j)!
4j j! (n+ 1− j)!
(x2)j Hn−2j(x
2|✷) ✷j Nn(x); (A.6)
O
(τ0+2j)
α|n (x) =
1
4j j!
{
(n+ 1− 2j)!
(n+ 1− j)!
(x2)j
Hn−2j(x
2|✷) dαx
µ
(n+ 1− 2j)2
✷
j
+ 4j
(
n+ 3− 2j
)
!(
n+ 2− j
)
!
(x2)j−1
Hn+2−2j(x
2|✷) xαd
µ
(n+ 3− 2j)2
✷
j−1
}
Oµ|n(x), (A.7)
O
(τ0+1+2j)
α|n (x) =
(n+ 1− 2j)!
4j j! (n+ 1− j)!
(x2)j Hn−2j(x
2|✷)
[
δµα −
xαd
µ + dαx
µ
(n+ 1− 2j)2
]
✷
j Oµ|n(x); (A.8)
M
(τ0+1+2j)
[αβ]|n (x) =
− 2
4j j!
{
(n+ 1− 2j)!
(n+ 1− j)!
(x2)j Hn−2j(x
2|✷)
(n+ 1− 2j)(n+ 2− 2j)
[
d[αδ
[µ
β] x
ν]
−
x[αdβ] x
[µ
d
ν]
(n− 2j)2
]
✷
j
(A.9)
+ 4j
(n+ 3− 2j)!
(n+ 2− j)!
(x2)j−1Hn+2−2j(x
2|✷)
(n+ 2− 2j)(n+ 3− 2j)
[
x[αδ
[µ
β] d
ν]
−
x[αdβ] x
[µ
d
ν]
(n+ 2− 2j)2
]
✷
j−1
}
M[µν]|n(x),
M
(τ0+2+2j)
[αβ]|n (x) =
1
4j j!
{
(n+ 1− 2j)!
(n+ 1− j)!
(x2)j Hn−2j(x
2|✷)
[
δ
[µ
[αδ
ν]
β]
+
2
n+ 1− 2j
(
x[αδ
[µ
β] d
ν]
n− 2j
+
d[αδ
[µ
β] x
ν]
n+ 2− 2j
)
−
2 x[αdβ] x
[µ
d
ν]
(n− 2j)3(n+ 2− 2j)
]
✷
j
(A.10)
− 4j
(n+ 3− 2j)!
(n+ 2− j)!
(x2)j−1Hn+2−2j(x
2|✷)
2 x[αdβ] x
[µ
d
ν]
(n+ 2− 2j)3(n+ 4− 2j)
✷
j−1
}
M[µν]|n(x).
M
(τ0+2j)
(αβ)|n (x) =
1
4j j!
{
(n+ 1− 2j)!
(n+ 1− j)!
(x2)j Hn−2j(x
2|✷)
(n+ 1− 2j)2(n+ 2− 2j)2
dαdβx
µxν✷j
+ 4j
(n+ 3− 2j)!
(n+ 2− j)!
(x2)j−1 Hn+2−2j(x
2|✷)
[
1
2
δαβδ
µν
−
x(αdβ)δ
µν + δαβd
(µxν)
(n+ 4− 2j)2
+
4x(αdβ)x
(µ
d
ν)
(n+ 2− 2j)2(n+ 4− 2j)2
]
✷
j−1
(A.11)
+ 16j(j − 1)
(n+ 5− 2j)!
(n+ 3− j)!
(x2)j−2 Hn+4−2j(x
2|✷)
(n+ 4− 2j)2(n+ 5− 2j)2
xαxβd
µ
d
ν
✷
j−2
}
M(µν)|n(x) ,
M
(τ0+1+2j)
(αβ)|n (x) =
2
4j j!
{
(n+ 1− 2j)!
(n+ 1− j)!
(x2)j Hn−2j(x
2|✷)
(n− 2j)(n+ 1− 2j)
d(α
[
δ
(µ
β) −
xβ)d
(µ + dβ)x
(µ
(n+ 2− 2j)2
]
xν)✷j (A.12)
+ 4j
(
n+ 3− 2j
)
!(
n+ 2− j
)
!
(x2)j−1 Hn+2−2j(x
2|✷)
(n+ 3− 2j)(n+ 4− 2j)
x(α
[
δ
(µ
β) −
xβ)d
(µ + dβ)x
(µ
(n+ 2− 2j)2
]
d
ν)
✷
j−1
}
M(µν)|n(x),
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M
(τ0+2+2j)
(αβ)|n (x) =
(n+ 1− 2j)!
4j j! (n+ 1− j)!
(x2)j Hn−2j(x
2|✷)
[
δ
(µ
(αδ
ν)
β) −
2
n+ 1− 2j
( x(αδ(µβ)dν)
n+ 2− 2j
+
d(αδ
(µ
β)x
ν)
n− 2j
)
+
dαdβx
µxν + xαxβd
µ
d
ν
(n− 2j)(n+ 1− 2j)2(n+ 2− 2j)
+
x(αdβ)δ
µν + δαβd
(µxν)
(n− 2j)(n+ 2− 2j)
−
1
2
δαβδ
µν
]
✷
jM(µν)|n(x) .
(A.13)
The nite series of salar o-one operators of denite twist (A.6) have been given in Ref. [25℄ using the
harmoni extension of orresponding light-one funtions [37℄. The o-one vetor operators of denite twist
(A.7) and (A.8) have been determined for the rst time in [17℄ but are reformulated here appropriately; the
expressions of even twist τ0 + 2j ontain two dierent series of operators of denite twist with the seond
series starting at j = 1. The o-one antisymmetri tensor operators of denite twist (A.9) and (A.10) and
the o-one symmetri tensor operators of denite twist (A.11)  (A.13) in any dimension have been given
for the rst time in Ref. [18℄; they are reformulated here appropriately for D ≡ 2h = 4 dimensions. In the
antisymmetri ase the ontributions of even and odd twist, τ0+1+2j and τ0+2+2j, ontain two dierent
series of operators of denite twist where, again, the seond ones begin with j = 1. In the symmetri ase
the ontributions of even twist, τ0+2j and τ0+2+2j, ontain three dierent and a single series of operators
of denite twist, respetively, and the ontributions of odd twist, τ0 + 1 + 2j, ontain two dierent series of
operators of denite twist.
All the series of loal operators of denite twist terminate at jmax =
[
n+f
2
]
with f being the number of
free tensor indies Γ. Summing up all the twist ontributions results in the non-deomposed loal operator
showing that the twist deomposition is a deomposition of unity into traeless tensors of denite symmetry
type, i.e. irreduible representations of the Lorentz group. Obviously, the twist projetion operators are
applied to the non-deomposed operators:
N (τ)n (x) =
(
P(τ)Nn
)
(x), O
(τ)
α|n(x) =
(
P(τ)µα Oµ|n
)
(x), M
(τ)
[αβ]|n(x) =
(
P
(τ)[µν]
[αβ] M[µν]|n
)
(x).
They obey the well-known properties of projetion operators,
(
P˜(τ) × P˜(τ
′)
)Γ′n′
Γn
= δττ
′
P˜
(τ)Γ′n′
Γn ,
τmax∑
τ=τmin
P˜(τ) = 1.
Let us remark, that the redution onto the light-one obtains simply by using d→ d˜ and x→ x˜, x˜2 = 0,
resulting, espeially, in Hn(x˜
2|✷) = 1 and restrition to j = 0, 1. These on-one operators have been given
already in our previous work [5℄, Eqs. (I.B.8)  (I.B.19). Thereby, besides Eqs. (A.4), the following useful
relations should be obeyed:
xαHn(x
2|✷) = Hn+1(x
2|✷)xα(1 + x∂), (1 + x∂)∂αHn(x
2|✷) = Hn−1(x
2|✷)dα,
xα∂β Hn(x
2|✷) = Hn(x
2|✷)xαdβ , ∂αxβ Hn(x
2|✷) = Hn(x
2|✷)dαxβ .
Here we presented the twist projetors thereby putting together dierent ontributions of the same twist
but of dierent symmetry type sine we are interested in applying them for the twist deomposition of a
distribution amplitudes whih are related to their non-forward matrix elements in a given parametrization.
From the group-theoretial point of view, suh a summation losses some information about the struture of
the distribution amplitudes whih, however, ould be re-overed, if neessary. For a more detailed disussion,
see, Refs. [17, 18℄.
The loal operators O
(τ)
Γ|n(x) of denite twist an be summed up into non-loal operators O
(τ)
Γ (κx, 0) of
denite twist by appropriately rewriting the various frations in n whih appear in Eqs. (A.6)  (A.10)
in terms of integrals thus arriving at the generi forms (A.1). This also works in the ase of distribution
amplitudes when determining it from their Mellin moments in Setion III.
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